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Abstract 
 
In a computerized adaptive test, we would like to obtain an acceptable precision of the proficiency level 

estimate using an optimal number of items. Unfortunately, decreasing the number of items is 

accompanied by a certain degree of bias when the true proficiency level differs significantly from the a 

priori estimate. Raîche suggests that it is possible to reduced the bias, and even the standard error of the 

estimate, by applying to each provisional estimation one or a combination of the following strategies: 

adaptive correction for bias proposed by Bock and Mislevy (1982), adaptive a priori estimate, and 

adaptive integration interval. 
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In a computerized adaptive test (CAT), we would like to obtain an acceptable degree of accuracy of the 

proficiency level estimate, θ̂, while using an optimal number of items. With the Rasch model and with the 

expected a posteriori estimation method (EAP), the number of items needed to obtain a standard error 

between 0.40 and 0.20 usually varies between 13 and 40 (Raîche et Blais, 2002). Unfortunately, a 

decrease in the number of items is accompanied by the presence of bias when the true proficiency level 

differs significantly with the a priori estimate, apθ̂ . Bock and Mislevy (1982, p. 439-442) proposed a 

formula to reduce the bias of the expected a posteriori proficiency estimate, eapθ̂ , based on the principle 

of inversion of the reciprocal of the variance of the estimate. The new proficiency level estimate, bmθ̂ , is: 
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When administering a CAT, they suggested applying this formula only to the final estimate of the 

proficiency level. Raîche (2000, p. 191-194) found that the Bock and Mislevy's correction was more 
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useful when the administered number of items is over 13 and the standard error of the estimate is less 

than 0.40. Is it possible to find a way to diminish even more the degree of bias of the proficiency 

estimate, specifically when we have to use a small number of items or allow a larger standard error? 

  

According to Raîche (2000; Raîche et Blais, 2001), the bias could further be reduced by applying this 

method of correction to each provisional estimate of the proficiency level (i.e. the adaptive correction for 

bias, ACB). Raîche also suggests that the bias could be also reduced by: 1) replacing the a priori 

estimate of each computation of the provisional estimate of the proficiency (i.e. the adaptive a priori 

estimate, AAP); 2) adjusting and adapting the integration interval of the a priori estimate (i.e. the 

adaptive integration interval, IN). Combining these three adaptive strategies could also be effective. 

While reducing significantly the bias of the estimate we will also obtain a more accurate standard error of 

the estimate. A simulation study is therefore proposed to verify the afore mentioned suggestions.  

 

 

Method 

 

One thousand administrations of a CAT were simulated for proficiency levels, θ , varying between -9 

and 0. EAP estimation of an unidimensional Rasch model with 40 quadrature points, q, was used for 

provisional and final estimates. The formal provisional and final EAP proficiency level estimates involve 

numerical integration and are given as  
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Where Xk is one of the q quadrature points, varying usually between -4 and 4, Lj(Xk) is the likelihood of 

the quadrature point, here the one parameter logistic model, and A(Xk) is a weight associated with that 

point, A being N( apθ̂ ,1). 

 

The standard error of the estimated proficiency level is approximated by 
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The initial a priori estimate, apθ̂ , was equal to zero. The next item, j+1, was chosen with a difficulty 

parameter, bj+1,  corresponding to the provisional estimate, jθ̂ , supposing that an ideal situation 

prevailed, that is one where there is always the availability of finding such an item in the pool. The 

stopping rule according to the number of items administered was fixed at different values between 1 and 

60.  

  

Each of the 1000 simulations considered the eight following strategies for the provisional proficiency 

estimation: (1) standard EAP ( eapθ̂ ), (2) adaptive Bock and Mislevy correction for bias ( acbθ̂ ), (3) 

adaptive a priori estimate ( aapθ̂ ), (4) adaptive integration interval ( inθ̂ ), (5) adaptive Bock and Mislevy 

correction for bias mixed with adaptive a priori estimate ( 5θ̂ ), (6) adaptive Bock and Mislevy correction 
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for bias mixed with adaptive integration interval ( icbθ̂ ), (7) adaptive a priori estimate mixed with adaptive 

integration interval ( iapθ̂ ), and (8) standard final Bock and Mislevy correction for bias ( fcbθ̂ ). Empirical 

bias and empirical standard error at each levels of the proficiency estimates were computed and 

compared. 

 

When the provisional proficiency level is computed using the adaptive Bock and Mislevy correction for 

bias, the estimator is 
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If the provisional proficiency level is computed using the adaptive a priori strategy, the a priori estimate 

of the weighting function A(Xk) is replaced with the j-1 provisional proficiency level estimate eapθ̂ , so A is 

now N( eapθ̂ ,1). 

 

The adaptive integration interval estimates inθ̂  forces the q quadrature points to vary between 

eapθ̂4 +− and eapθ̂4 + . The interval is now adaptive and not only fixed between -4 and 4. In mixed 

strategies the integration interval become [ aapθ̂4 +− , aapθ̂4 + ] for iapθ̂  or [ acbθ̂4 +− , acbθ̂4 + ] for 

icbθ̂ . 
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Following the simulations, only the estimates eapθ̂ , inθ̂ , iapθ̂  and icbθ̂  are of interest and consequently 

only their results will be presented. Particularly not interesting, the combination of adaptive a priori and 

adaptive Bock and Mislevy correction for bias produce an important inflation of the bias of the 

proficiency level estimate. 

 

Results 
 
 
A substantial reduction in the empirical bias was found especially with ACB and AAP conditions 

combined with the IN condition ( icbθ̂  and iapθ̂ ), compared to standard EAP and IN strategies ( eapθ̂  and 

inθ̂ ). Figure 1 depicts the bias of the proficiency level estimate according to the number of items 

administered and to the proficiency level. Tables 1 to 6 give details for each value of the proficiency 

level. Figure 2 depicts the empirical standard error of the proficiency level estimate according to the 

number of items administered and to the proficiency level. Tables 7 to 12 give details for each value of 

the proficiency level. Only the empirical standard error of the proficiency level estimate is showed in 

these tables. The usual theoretical standard error of the proficiency level estimate computed while 

administering a CAT (equation 3) is noted only when necessary. 

 
 
 
 
Extreme values of the  proficiency level (θ  = -9 and θθ  = -6) 
 
 
 

With our seventh strategy (AAP and IN), iapθ̂ , and with as few as sixteen items as well as a value of the 

proficiency level so extreme as -9 (table 1), the bias could significantly be reduced with scores ranging 
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from a high of 5.331 ( eapθ̂ ) to a  low of -0.099 ( iapθ̂ ), while the empirical standard error of iapθ̂  is equal 

to 0.605 (table 6). The theoretical value of the standard error is 0.511. To obtain empirical standard 

errors of the proficiency level estimate of 0.40, 0.30, and 0.20, we have to administer 22, 29 and 45 

items. At a value so extreme of the proficiency level, the standard error of eapθ̂  is unstable and doesn’t 

make any sense. With the sixth strategy (ACB and IN), icbθ̂ , it took 45 items to reduce the bias to 

-0.100, while the empirical standard error was kept at 0,248. It is to be noted that the value of the 

theoretical standard error of icbθ̂ , which was computed to reflect the proficiency estimate, was 0.233. 

So, this theoretical value is very close to the empirical value of icbθ̂ . When the proficiency level is as low 

as -9, iapθ̂  is clearly the best estimate: less bias and less empirical standard error. 

 

 
With a proficiency level at a value so extreme as -6  and with as few as nine items (table 2), the bias 

of iapθ̂ could significantly be reduced to 0,061 while the bias of the usual eapθ̂  would equal 3.236. The 

empirical standard error of iapθ̂  is equal to 0.678 (table 7). The theoretical value of the standard error is 

0.675. To obtain empirical standard errors of the proficiency level estimate of 0.40, 0.30, and 0.20 we 

have to administer 17, 25 and 43 items. At a value so extreme of the proficiency level, the standard error 

of eapθ̂  is also unstable and doesn’t make any sense. With the sixth strategy (ACB and IN), icbθ̂ , it took 

22 items to reduce the bias to -0.102, while the empirical standard error was kept at 0,369. The value 

of the theoretical standard error of icbθ̂ , which was computed to reflect the proficiency estimate, was 
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0.328. So, this theoretical value is very close to the empirical value of icbθ̂ . Again, when the proficiency 

level is as low as -6, iapθ̂  it is clearly the best estimate: less bias and less empirical standard error. 

 

To be noted, the IN strategy is not  very much more effective that the EAP strategy in all cases. 

 

 

Usual values of the  proficiency level (θθ  = -3 to θθ  = 0) 

 

When the proficiency level is equal to -3, -2, -1 and 0, the results are similar but quite not so extreme. 

For example, when the proficiency level is equal to -3, the biais of iapθ̂  is so low as -0.008 (table 3), 

compared to 0.822 with eapθ̂ , using only height items administered while the empirical standard error 

equals 0.602 (table 8) (theoretical standard error equal to 0.510). The icbθ̂  estimate is quite closed with 

a bias equal to -0.088 and an empirical standard error equal to 0.578 (theoretical standard error equal 

to 0.490).  

 

The iapθ̂  estimate always shows less bias at any value of the proficiency level and the number of items 

administered is considerably reduced when 2−≤θ . The icbθ̂  estimate is not less of interest than the iapθ̂  

estimate, and their bias values are about the same. Consequently iapθ̂  and icbθ̂  are always less biased  

than eapθ̂  or inθ̂ . Even if the empirical standard error of iapθ̂  and icbθ̂  are bigger than the one of eapθ̂  or 

inθ̂ , the reduction in bias is to be seriously considered. 
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Figure 1.  Bias of the proficiency estimate according to the number of items administered  
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Table 1.  
Bias of the proficiency estimate according to the number of items administered (θ  = -9) 
 

ITEM ininbiasbias   iapiapbiasbias   i cbi cbbiasbias   eapeapbiasbias  ITEM ininbiasbias   iapiapbiasbias   i cbi cbbiasbias   eapeapbiasbias  

1 8.434  8.434  7.218 8.434 
2 8.012  7.699  5.991 8.012 
3 7.666  6.942  4.968 7.666 
4 7.365  6.186  4.074 7.366 
5 7.097  5.430  3.264 7.099 
6 6.852  4.675  2.516 6.856 
7 6.625  3.919  1.822 6.632 
8 6.414  3.165  1.197 6.424 
9 6.214  2.416  0.670 6.231 
10 6.024  1.673  0.265 6.054 
11 5.844  0.969   0.025 5.892 
12 5.671  0.372 -0.193 5.745 
13 5.505 -0.008 -0.349 5.615 
14 5.345 -0.127 -0.438 5.503 
15 5.191 -0.132 -0.509 5.409 
16 5.042 -0.099 -0.539 5.331 
17 4.897 -0.083 -0.571 5.267 
18 4.757 -0.062 -0.583 5.216 
19 4.620 -0.043 -0.582 5.175 
20 4.486 -0.031 -0.574 5.142 
21 4.356 -0.019 -0.563 5.116 
22 4.229 -0.016 -0.543 5.094 
23 4.105 -0.009 -0.519 5.077 
24 3.984 -0.007 -0.496 5.064 
25 3.865 -0.012 -0.469 5.052 
26 3.749 -0.011 -0.442 5.043 
27 3.636 -0.014 -0.415 5.036 
28 3.523 -0.015 -0.386 5.029 
29 3.413 -0.012 -0.359 5.024 
30 3.306 -0.013 -0.334 5.020 

31 3.199 -0.014 -0.309 5.017 
32 3.095 -0.016 -0.286 5.014 
33 2.994 -0.019 -0.265 5.012 
34 2.893 -0.020 -0.244 5.010 
35 2.793 -0.020 -0.224 5.008 
36 2.696 -0.019 -0.206 5.007 
37 2.599 -0.018 -0.189 5.005 
38 2.509 -0.016 -0.172 5.005 
39 2.417 -0.016 -0.159 5.004 
40 2.327 -0.015 -0.145 5.003 
41 2.237 -0.015 -0.135 5.003 
42 2.151 -0.016 -0.126 5.002 
43 2.067 -0.016 -0.117 5.002 
44 1.983 -0.016 -0.109 5.001 
45 1.902 -0.014 -0.100 5.001 
46 1.825 -0.013 -0.093 5.001 
47 1.751 -0.011 -0.085 5.001 
48 1.678 -0.010 -0.079 5.001 
49 1.605 -0.010 -0.073 5.001 
50 1.535 -0.009 -0.068 5.000 
51 1.468 -0.012 -0.065 5.000 
52 1.401 -0.012 -0.061 5.000 
53 1.339 -0.012 -0.058 5.000 
54 1.279 -0.012 -0.055 5.000 
55 1.221 -0.012 -0.052 5.000 
56 1.166 -0.013 -0.050 5.000 
57 1.114 -0.013 -0.046 5.000 
58 1.064 -0.013 -0.045 5.000 
59 1.018 -0.014 -0.043 5.000 
60 0.972 -0.017 -0.045 5.000 
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Table 2.  
Bias of the proficiency estimate according to the number of items administered (θ  = -6) 
 

ITEM ininbiasbias   iapiapbiasbias   i cbi cbbiasbias   eapeapbiasbias  ITEM ininbiasbias   iapiapbiasbias   i cbi cbbiasbias   eapeapbiasbias  

1 5.434   5.434  4.218 5.434 
2 5.012   4.699  2.991 5.012 
3 4.666   3.944  1.983 4.666 
4 4.365   3.188  1.138 4.366 
5 4.097   2.435  0.478 4.099 
6 3.852   1.698  0.120 3.856 
7 3.626   0.994 -0.099 3.633 
8 3.417   0.424 -0.236 3.428 
9 3.218   0.061 -0.298 3.236 
10 3.030 -0.085 -0.322 3.060 
11 2.851 -0.093 -0.320 2.898 
12 2.681 -0.085 -0.317 2.754 
13 2.520 -0.076 -0.309 2.626 
14 2.365 -0.063 -0.288 2.517 
15 2.216 -0.050 -0.262 2.424 
16 2.075 -0.029 -0.233 2.346 
17 1.937 -0.024 -0.208 2.281 
18 1.807 -0.017 -0.182 2.230 
19 1.684 -0.007 -0.155 2.188 
20 1.569 -0.002 -0.135 2.155 
21 1.459 -0.003 -0.117 2.127 
22 1.352 -0.001 -0.102 2.104 
23 1.261  0.005 -0.087 2.087 
24 1.171  0.001 -0.077 2.072 
25 1.086 -0.002 -0.069 2.060 
26 1.013 -0.001 -0.059 2.050 
27 0.941 -0.005 -0.055 2.042 
28 0.873 -0.007 -0.050 2.035 
29 0.819 -0.008 -0.045 2.030 
30 0.763 -0.008 -0.040 2.025 

31 0.716 -0.008 -0.036 2.021 
32 0.674 -0.011 -0.035 2.018 
33 0.630 -0.012 -0.034 2.015 
34 0.594 -0.012 -0.032 2.013 
35 0.561 -0.013 -0.030 2.010 
36 0.530 -0.013 -0.028 2.009 
37 0.501 -0.013 -0.026 2.007 
38 0.480 -0.010 -0.022 2.006 
39 0.454 -0.010 -0.020 2.005 
40 0.433 -0.011 -0.019 2.005 
41 0.412 -0.011 -0.018 2.004 
42 0.394 -0.014 -0.019 2.003 
43 0.375 -0.015 -0.019 2.003 
44 0.359 -0.015 -0.018 2.002 
45 0.346 -0.013 -0.016 2.002 
46 0.334 -0.013 -0.015 2.002 
47 0.323 -0.012 -0.013 2.002 
48 0.314 -0.012 -0.012 2.001 
49 0.302 -0.012 -0.012 2.001 
50 0.293 -0.011 -0.010 2.001 
51 0.280 -0.013 -0.012 2.001 
52 0.270 -0.013 -0.012 2.001 
53 0.261 -0.013 -0.011 2.001 
54 0.254 -0.013 -0.011 2.001 
55 0.246 -0.013 -0.010 2.001 
56 0.237 -0.013 -0.011 2.001 
57 0.231 -0.013 -0.011 2.001 
58 0.225 -0.014 -0.012 2.001 
59 0.218 -0.015 -0.012 2.000 
60 0.209 -0.017 -0.015 2.000 
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Table 3.  
Bias of the proficiency estimate according to the number of items administered (θ  = -3) 
 

ITEM ininbiasbias   iapiapbiasbias   i cbi cbbiasbias   eapeapbiasbias  ITEM ininbiasbias   iapiapbiasbias   i cbi cbbiasbias   eapeapbiasbias  

1 2.439  2.439  1.232 2.439 
2 2.040  1.731  0.229 2.040 
3 1.718  1.040 -0.013 1.718 
4 1.457  0.463 -0.099 1.457 
5 1.237  0.129 -0.129 1.237 
6 1.066  0.019 -0.109 1.066 
7 0.930 -0.011 -0.106 0.930 
8 0.822 -0.008 -0.088 0.822 
9 0.728  0.000 -0.069 0.728 
10 0.641 -0.002 -0.057 0.641 
11 0.578  0.008 -0.042 0.578 
12 0.518  0.003 -0.039 0.518 
13 0.465 -0.008 -0.039 0.465 
14 0.430 -0.002 -0.031 0.430 
15 0.398 -0.002 -0.028 0.398 
16 0.372  0.002 -0.022 0.372 
17 0.341 -0.001 -0.021 0.341 
18 0.321 -0.001 -0.016 0.321 
19 0.302  0.001 -0.010 0.302 
20 0.286  0.003 -0.006 0.286 
21 0.270  0.005 -0.005 0.270 
22 0.257  0.004 -0.004 0.257 
23 0.246  0.007 -0.002 0.246 
24 0.233  0.005 -0.003 0.233 
25 0.219  0.002 -0.005 0.219 
26 0.211  0.001 -0.005 0.211 
27 0.198 -0.003 -0.008 0.198 
28 0.189 -0.004 -0.007 0.189 
29 0.183 -0.005 -0.008 0.183 
30 0.175 -0.005 -0.008 0.175 

31 0.168 -0.005 -0.009 0.168 
32 0.161 -0.006 -0.011 0.161 
33 0.152 -0.008 -0.013 0.152 
34 0.147 -0.009 -0.014 0.147 
35 0.142 -0.009 -0.013 0.142 
36 0.137 -0.008 -0.013 0.137 
37 0.133 -0.008 -0.013 0.133 
38 0.131 -0.006 -0.010 0.131 
39 0.127 -0.006 -0.010 0.127 
40 0.123 -0.005 -0.010 0.123 
41 0.121 -0.005 -0.010 0.121 
42 0.116 -0.006 -0.012 0.116 
43 0.110 -0.008 -0.013 0.110 
44 0.108 -0.008 -0.013 0.108 
45 0.106 -0.006 -0.011 0.106 
46 0.103 -0.006 -0.011 0.103 
47 0.102 -0.004 -0.010 0.102 
48 0.100 -0.004 -0.009 0.100 
49 0.097 -0.004 -0.009 0.097 
50 0.095 -0.004 -0.008 0.095 
51 0.092 -0.006 -0.010 0.092 
52 0.088 -0.007 -0.010 0.088 
53 0.086 -0.007 -0.010 0.086 
54 0.085 -0.007 -0.010 0.085 
55 0.083 -0.007 -0.010 0.083 
56 0.081 -0.007 -0.010 0.081 
57 0.080 -0.007 -0.009 0.080 
58 0.077 -0.008 -0.010 0.077 
59 0.075 -0.009 -0.011 0.075 
60 0.071 -0.011 -0.014 0.071 
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Table 4.  
Bias of the proficiency estimate according to the number of items administered (θ  = -2) 
 

ITEM ininbiasbias   iapiapbiasbias   i cbi cbbiasbias   eapeapbiasbias  ITEM ininbiasbias   iapiapbiasbias   i cbi cbbiasbias   eapeapbiasbias  

1 1.454   1.454 0.282 1.454 
2 1.105   0.806 -0.063 1.105 
3 0.866   0.281 -0.071 0.866 
4 0.693   0.007 -0.053 0.693 
5 0.576 -0.084 -0.052 0.577 
6 0.496 -0.085 -0.046 0.497 
7 0.430 -0.075 -0.049 0.431 
8 0.380 -0.057 -0.038 0.381 
9 0.339 -0.047 -0.030 0.339 
10 0.301 -0.041 -0.027 0.302 
11 0.272 -0.027 -0.013 0.273 
12 0.242 -0.027 -0.016 0.242 
13 0.214 -0.027 -0.018 0.214 
14 0.202 -0.022 -0.012 0.202 
15 0.187 -0.019 -0.015 0.187 
16 0.178 -0.015 -0.009 0.179 
17 0.161 -0.016 -0.011 0.162 
18 0.154 -0.011 -0.008 0.154 
19 0.148 -0.004 -0.004 0.148 
20 0.142  0.000 -0.001 0.143 
21 0.137  0.001 0.000 0.138 
22 0.130 -0.001 -0.001 0.130 
23 0.125     0.001 0.001 0.126 
24 0.119 -0.001 -0.002 0.119 
25 0.111 -0.002 -0.005 0.111 
26 0.107 -0.003 -0.005 0.107 
27 0.099 -0.005 -0.008 0.100 
28 0.094 -0.006 -0.009 0.095 
29 0.091 -0.006 -0.008 0.092 
30 0.087 -0.006 -0.009 0.087 

31 0.083 -0.007 -0.008 0.084 
32 0.079 -0.008 -0.010 0.079 
33 0.073 -0.010 -0.011 0.074 
34 0.071 -0.011 -0.011 0.071 
35 0.068 -0.011 -0.012 0.069 
36 0.066 -0.010 -0.011 0.066 
37 0.064 -0.009 -0.011 0.065 
38 0.065 -0.007 -0.009 0.065 
39 0.063 -0.007 -0.009 0.063 
40 0.061 -0.007 -0.009 0.061 
41 0.060 -0.007 -0.009 0.060 
42 0.057 -0.008 -0.010 0.057 
43 0.054 -0.009 -0.011 0.055 
44 0.053 -0.009 -0.011 0.053 
45 0.053 -0.008 -0.009 0.053 
46 0.052 -0.008 -0.009 0.052 
47 0.053 -0.006 -0.008 0.053 
48 0.051 -0.006 -0.008 0.052 
49 0.050 -0.006 -0.008 0.050 
50 0.049 -0.005 -0.007 0.050 
51 0.046 -0.007 -0.009 0.047 
52 0.045 -0.007 -0.009 0.045 
53 0.044 -0.008 -0.010 0.044 
54 0.043 -0.008 -0.009 0.043 
55 0.042 -0.007 -0.009 0.043 
56 0.041 -0.008 -0.009 0.042 
57 0.040 -0.008 -0.009 0.041 
58 0.039 -0.008 -0.010 0.039 
59 0.037 -0.009 -0.011 0.037 
60 0.034 -0.012 -0.013 0.034 
 
 



Considerations about EAP estimation in adaptive testing  
 

14. 

 
Table 5.  
Bias of the proficiency estimate according to the number of items administered (θ  = -1) 
 

ITEM ininbiasbias   iapiapbiasbias   i cbi cbbiasbias   eapeapbiasbias  ITEM ininbiasbias   iapiapbiasbias   i cbi cbbiasbias   eapeapbiasbias  

1 0.604  0.604 -0.248 0.604 
2 0.421  0.208  0.030 0.421 
3 0.346  0.023  0.020 0.346 
4 0.279 -0.027  0.008 0.279 
5 0.232 -0.031  0.002 0.232 
6 0.207 -0.017  0.013 0.207 
7 0.172 -0.016  0.007 0.172 
8 0.158 -0.007  0.006 0.158 
9 0.144  0.001  0.007 0.144 
10 0.124  0.000  0.005 0.124 
11 0.118  0.005  0.006 0.118 
12 0.107  0.002  0.000 0.107 
13 0.089 -0.008 -0.011 0.089 
14 0.088 -0.005 -0.006 0.088 
15 0.081 -0.005 -0.006 0.081 
16 0.080 -0.001  0.001 0.080 
17 0.072 -0.003  0.000 0.072 
18 0.072  0.001  0.004 0.072 
19 0.071  0.004  0.007 0.071 
20 0.069  0.007  0.007 0.069 
21 0.067  0.006  0.008 0.067 
22 0.063  0.004  0.006 0.063 
23 0.061  0.005  0.007 0.061 
24 0.056  0.003  0.005 0.056 
25 0.052 -0.001  0.004 0.052 
26 0.051 -0.001  0.005 0.051 
27 0.047 -0.004  0.001 0.047 
28 0.043 -0.005  0.001 0.043 
29 0.041 -0.006  0.000 0.041 
30 0.039 -0.007  0.000 0.039 

31 0.038 -0.007 -0.001 0.038 
32 0.035 -0.008 -0.003 0.036 
33 0.033 -0.009 -0.006 0.033 
34 0.032 -0.010 -0.006 0.032 
35 0.030 -0.011 -0.006 0.031 
36 0.030 -0.010 -0.006 0.030 
37 0.029 -0.010 -0.006 0.029 
38 0.031 -0.008 -0.004 0.031 
39 0.029 -0.008 -0.004 0.029 
40 0.028 -0.008 -0.004 0.028 
41 0.028 -0.008 -0.004 0.028 
42 0.026 -0.009 -0.005 0.026 
43 0.024 -0.010 -0.007 0.024 
44 0.023 -0.009 -0.007 0.023 
45 0.024 -0.008 -0.005 0.024 
46 0.023 -0.008 -0.005 0.024 
47 0.024 -0.007 -0.004 0.024 
48 0.023 -0.006 -0.003 0.023 
49 0.023 -0.006 -0.003 0.023 
50 0.023 -0.005 -0.002 0.023 
51 0.020 -0.006 -0.004 0.020 
52 0.019 -0.007 -0.005 0.019 
53 0.019 -0.007 -0.005 0.019 
54 0.018 -0.007 -0.005 0.019 
55 0.018 -0.007 -0.005 0.018 
56 0.018 -0.007 -0.005 0.018 
57 0.017 -0.006 -0.004 0.017 
58 0.015 -0.007 -0.005 0.016 
59 0.014 -0.008 -0.006 0.014 
60 0.011 -0.010 -0.009 0.011 
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Table 6.  
Bias of the proficiency estimate according to the number of items administered (θ  = 0) 
 

ITEM ininbiasbias   iapiapbiasbias   i cbi cbbiasbias   eapeapbiasbias  ITEM ininbiasbias   iapiapbiasbias   i cbi cbbiasbias   eapeapbiasbias  

1 -0.016 -0.016 -0.050 -0.016 
2 -0.023 -0.031 -0.051 -0.023 
3 -0.006 -0.014 -0.034 -0.006 
4 -0.003 -0.008 -0.034 -0.003 
5  0.004  0.002 -0.016  0.004 
6  0.003  0.003  0.001  0.003 
7 -0.006 -0.007 -0.014 -0.006 
8 -0.008 -0.011 -0.003 -0.008 
9 -0.005 -0.010  0.001 -0.005 
10 -0.010 -0.013 -0.006 -0.010 
11 -0.007 -0.004  0.000 -0.007 
12 -0.010 -0.004 -0.006 -0.010 
13 -0.019 -0.010 -0.014 -0.019 
14 -0.017 -0.010 -0.011 -0.017 
15 -0.017 -0.011 -0.014 -0.017 
16 -0.014 -0.008 -0.011 -0.014 
17 -0.015 -0.009 -0.013 -0.015 
18 -0.013 -0.007 -0.012 -0.013 
19 -0.008 -0.004 -0.006 -0.008 
20 -0.004 -0.001 -0.004 -0.004 
21 -0.003 -0.002 -0.005 -0.003 
22 -0.003 -0.002 -0.006 -0.003 
23 -0.001 -0.001 -0.004 -0.001 
24 -0.004 -0.003 -0.007 -0.004 
25 -0.006 -0.005 -0.008 -0.006 
26 -0.004 -0.005 -0.008 -0.004 
27 -0.006 -0.007 -0.011 -0.006 
28 -0.007 -0.008 -0.012 -0.007 
29 -0.008 -0.009 -0.013 -0.008 
30 -0.009 -0.010 -0.013 -0.009 

31 -0.010 -0.010 -0.014 -0.010 
32 -0.011 -0.012 -0.015 -0.011 
33 -0.013 -0.014 -0.016 -0.013 
34 -0.013 -0.015 -0.017 -0.013 
35 -0.013 -0.016 -0.018 -0.013 
36 -0.012 -0.015 -0.016 -0.012 
37 -0.013 -0.014 -0.016 -0.013 
38 -0.011 -0.013 -0.014 -0.011 
39 -0.011 -0.012 -0.013 -0.011 
40 -0.011 -0.012 -0.013 -0.011 
41 -0.011 -0.012 -0.013 -0.011 
42 -0.012 -0.013 -0.014 -0.012 
43 -0.013 -0.014 -0.016 -0.013 
44 -0.013 -0.014 -0.015 -0.013 
45 -0.012 -0.013 -0.014 -0.012 
46 -0.011 -0.013 -0.014 -0.011 
47 -0.010 -0.012 -0.012 -0.010 
48 -0.009 -0.011 -0.012 -0.009 
49 -0.009 -0.010 -0.012 -0.009 
50 -0.008 -0.009 -0.011 -0.008 
51 -0.010 -0.011 -0.012 -0.010 
52 -0.010 -0.012 -0.013 -0.010 
53 -0.011 -0.012 -0.013 -0.011 
54 -0.011 -0.012 -0.013 -0.010 
55 -0.010 -0.012 -0.013 -0.010 
56 -0.010 -0.012 -0.013 -0.010 
57 -0.010 -0.012 -0.013 -0.010 
58 -0.011 -0.013 -0.013 -0.011 
59 -0.012 -0.013 -0.013 -0.012 
60 -0.014 -0.016 -0.016 -0.014 
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Figure 2.  Standard error of the proficiency estimate according to the number of items administered  
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Table 7.  
Empirical standard error of the proficiency estimate according to the number of items administered (θ  
= -9) 

ITEM    ininSS       iapiapSS       i cbi cbSS      eapeapSS  ITEM    ininSS        iapiapSS       i cbi cbSS      eapeapSS  

1 0.000 0.000 0.000 0.000 
2 0.000 0.000 0.000 0.000 
3 0.000 0.000 0.000 0.000 
4 0.000 0.000 0.000 0.000 
5 0.000 0.000 0.048 0.000 
6 0.000 0.000 0.094 0.000 
7 0.000 0.000 0.148 0.000 
8 0.000 0.036 0.252 0.000 
9 0.000 0.086 0.380 0.000 
10 0.000 0.154 0.496 0.000 
11 0.000 0.277 0.518 0.000 
12 0.000 0.469 0.515 0.000 
13 0.000 0.655 0.528 0.000 
14 0.000 0.710 0.511 0.000 
15 0.000 0.677 0.513 0.007 
16 0.013 0.605 0.501 0.007 
17 0.014 0.554 0.500 0.006 
18 0.015 0.502 0.496 0.005 
19 0.016 0.461 0.490 0.004 
20 0.017 0.427 0.488 0.004 
21 0.018 0.410 0.480 0.003 
22 0.019 0.390 0.470 0.003 
23 0.023 0.370 0.462 0.002 
24 0.026 0.356 0.460 0.002 
25 0.028 0.342 0.455 0.001 
26 0.031 0.330 0.451 0.001 
27 0.037 0.318 0.445 0.001 
28 0.039 0.308 0.436 0.001 
29 0.041 0.299 0.426 0.001 
30 0.044 0.294 0.416 0.001 

31 0.047 0.284 0.403 0.001 
32 0.051 0.271 0.389 0.000 
33 0.056 0.268 0.379 0.000 
34 0.060 0.262 0.367 0.000 
35 0.063 0.254 0.354 0.000 
36 0.067 0.249 0.342 0.000 
37 0.071 0.240 0.328 0.000 
38 0.078 0.235 0.319 0.000 
39 0.084 0.228 0.307 0.000 
40 0.089 0.221 0.295 0.000 
41 0.093 0.219 0.285 0.000 
42 0.101 0.219 0.275 0.000 
43 0.108 0.211 0.264 0.000 
44 0.114 0.208 0.255 0.000 
45 0.121 0.204 0.248 0.000 
46 0.129 0.198 0.239 0.000 
47 0.139 0.197 0.232 0.000 
48 0.147 0.193 0.224 0.000 
49 0.155 0.187 0.216 0.000 
50 0.161 0.186 0.212 0.000 
51 0.168 0.184 0.206 0.000 
52 0.174 0.181 0.201 0.000 
53 0.183 0.177 0.196 0.000 
54 0.190 0.176 0.190 0.000 
55 0.199 0.172 0.185 0.000 
56 0.204 0.172 0.183 0.000 
57 0.209 0.171 0.180 0.000 
58 0.214 0.168 0.176 0.000 
59 0.218 0.166 0.172 0.000 
60 0.219 0.166 0.170 0.000 
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Table 8.  
Empirical standard error of the proficiency estimate according to the number of items administered (θ  
= -6) 

ITEM    ininSS       iapiapSS       i cbi cbSS      eapeapSS  ITEM    ininSS       iapiapSS       i cbi cbSS      eapeapSS  

1 0.000 0.000 0.000 0.000 
2 0.000 0.000 0.000 0.000 
3 0.000 0.037 0.153 0.000 
4 0.000 0.059 0.295 0.000 
5 0.000 0.086 0.493 0.000 
6 0.000 0.159 0.641 0.000 
7 0.020 0.289 0.663 0.020 
8 0.039 0.487 0.660 0.038 
9 0.046 0.678 0.627 0.044 
10 0.052 0.742 0.611 0.049 
11 0.059 0.689 0.587 0.054 
12 0.068 0.613 0.566 0.059 
13 0.081 0.549 0.541 0.063 
14 0.092 0.499 0.523 0.066 
15 0.103 0.461 0.504 0.065 
16 0.115 0.426 0.477 0.061 
17 0.126 0.404 0.463 0.055 
18 0.140 0.381 0.439 0.051 
19 0.153 0.362 0.418 0.044 
20 0.168 0.348 0.400 0.038 
21 0.183 0.339 0.385 0.033 
22 0.197 0.326 0.369 0.028 
23 0.212 0.312 0.349 0.025 
24 0.222 0.310 0.335 0.021 
25 0.232 0.299 0.320 0.018 
26 0.241 0.293 0.308 0.015 
27 0.251 0.287 0.297 0.013 
28 0.263 0.281 0.288 0.012 
29 0.269 0.274 0.280 0.010 
30 0.269 0.267 0.272 0.009 

31 0.266 0.262 0.264 0.008 
32 0.267 0.251 0.254 0.006 
33 0.269 0.246 0.248 0.006 
34 0.266 0.241 0.240 0.005 
35 0.265 0.235 0.233 0.004 
36 0.264 0.231 0.230 0.003 
37 0.262 0.224 0.225 0.003 
38 0.263 0.223 0.221 0.002 
39 0.258 0.216 0.215 0.002 
40 0.252 0.209 0.209 0.002 
41 0.252 0.206 0.206 0.001 
42 0.253 0.206 0.204 0.001 
43 0.246 0.200 0.200 0.001 
44 0.243 0.198 0.195 0.001 
45 0.236 0.196 0.192 0.001 
46 0.230 0.191 0.189 0.001 
47 0.229 0.189 0.187 0.001 
48 0.224 0.184 0.184 0.001 
49 0.219 0.180 0.180 0.000 
50 0.218 0.179 0.178 0.000 
51 0.217 0.178 0.176 0.000 
52 0.214 0.176 0.174 0.000 
53 0.211 0.171 0.171 0.000 
54 0.207 0.169 0.170 0.000 
55 0.203 0.165 0.167 0.000 
56 0.203 0.164 0.166 0.000 
57 0.199 0.162 0.164 0.000 
58 0.195 0.161 0.162 0.000 
59 0.194 0.159 0.160 0.000 
60 0.195 0.160 0.160 0.000 
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Table 9.  
Empirical standard error of the proficiency estimate according to the number of items administered (θ  
= -3) 

ITEM    ininSS       iapiapSS       i cbi cbSS      eapeapSS  ITEM    ininSS       iapiapSS       i cbi cbSS      eapeapSS  

1 0.072 0.072 0.225 0.072 
2 0.156 0.181 0.689 0.156 
3 0.200 0.322 0.925 0.200 
4 0.248 0.508 0.803 0.248 
5 0.289 0.663 0.742 0.289 
6 0.325 0.709 0.685 0.325 
7 0.348 0.678 0.624 0.348 
8 0.357 0.602 0.578 0.357 
9 0.358 0.539 0.530 0.358 
10 0.362 0.490 0.485 0.362 
11 0.356 0.449 0.449 0.356 
12 0.347 0.415 0.420 0.347 
13 0.342 0.392 0.394 0.342 
14 0.329 0.369 0.373 0.329 
15 0.321 0.354 0.356 0.321 
16 0.312 0.336 0.338 0.312 
17 0.316 0.332 0.331 0.316 
18 0.302 0.314 0.315 0.302 
19 0.293 0.305 0.303 0.293 
20 0.289 0.296 0.295 0.289 
21 0.283 0.290 0.286 0.283 
22 0.275 0.282 0.276 0.275 
23 0.269 0.271 0.268 0.269 
24 0.266 0.270 0.267 0.266 
25 0.258 0.261 0.265 0.258 
26 0.251 0.254 0.260 0.251 
27 0.247 0.250 0.255 0.247 
28 0.244 0.246 0.251 0.244 
29 0.239 0.241 0.244 0.239 
30 0.237 0.237 0.241 0.237 

31 0.231 0.230 0.235 0.231 
32 0.223 0.222 0.227 0.223 
33 0.222 0.220 0.225 0.222 
34 0.218 0.219 0.220 0.218 
35 0.215 0.214 0.215 0.215 
36 0.210 0.212 0.211 0.210 
37 0.203 0.208 0.206 0.203 
38 0.200 0.206 0.204 0.200 
39 0.193 0.201 0.199 0.193 
40 0.188 0.196 0.193 0.188 
41 0.186 0.194 0.192 0.186 
42 0.185 0.192 0.190 0.185 
43 0.183 0.188 0.185 0.183 
44 0.181 0.185 0.181 0.181 
45 0.180 0.184 0.179 0.180 
46 0.176 0.180 0.176 0.176 
47 0.176 0.178 0.174 0.176 
48 0.174 0.174 0.171 0.174 
49 0.171 0.169 0.169 0.171 
50 0.170 0.169 0.167 0.170 
51 0.169 0.167 0.165 0.169 
52 0.165 0.165 0.163 0.165 
53 0.162 0.161 0.159 0.162 
54 0.162 0.159 0.158 0.162 
55 0.160 0.156 0.155 0.160 
56 0.158 0.156 0.154 0.158 
57 0.155 0.154 0.153 0.155 
58 0.153 0.153 0.151 0.153 
59 0.152 0.152 0.150 0.152 
60 0.152 0.151 0.149 0.152 
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Table 10.  
Empirical standard error of the proficiency estimate according to the number of items administered (θ  
= -2) 

ITEM      ininSS       iapiapSS       i cbi cbSS      eapeapSS  ITEM    ininSS      iapiapSS       i cbi cbSS      eapeapSS  

1 0.151 0.151 0.474 0.151   
2 0.275 0.330 1.107 0.275   
3 0.356 0.531 0.863 0.356   
4 0.394 0.678 0.766 0.393   
5 0.404 0.698 0.709 0.404   
6 0.414 0.664 0.641 0.413   
7 0.401 0.599 0.577 0.400   
8 0.385 0.548 0.527 0.384   
9 0.364 0.497 0.481 0.363   
10 0.349 0.465 0.452 0.348   
11 0.340 0.433 0.424 0.340   
12 0.323 0.407 0.398 0.323   
13 0.314 0.381 0.384 0.314   
14 0.305 0.365 0.371 0.305   
15 0.301 0.353 0.351 0.301   
16 0.290 0.332 0.330 0.289   
17 0.287 0.324 0.329 0.286   
18 0.272 0.307 0.310 0.271   
19 0.264 0.297 0.301 0.264   
20 0.256 0.287 0.291 0.256   
21 0.250 0.283 0.285 0.250   
22 0.244 0.275 0.274 0.244   
23 0.239 0.264 0.262 0.238   
24 0.237 0.261 0.263 0.237   
25 0.231 0.254 0.257 0.231   
26 0.229 0.251 0.248 0.229   
27 0.226 0.249 0.246 0.225   
28 0.222 0.246 0.243 0.221   
29 0.217 0.240 0.238 0.217   
30 0.216 0.236 0.236 0.216   

31 0.212 0.230 0.229 0.212   
32 0.206 0.221 0.221 0.206   
33 0.206 0.219 0.219 0.206   
34 0.204 0.213 0.214 0.204   
35 0.199 0.208 0.209 0.199   
36 0.197 0.205 0.206 0.197   
37 0.193 0.199 0.200 0.193   
38 0.192 0.199 0.199 0.192   
39 0.186 0.193 0.193 0.186   
40 0.181 0.188 0.188 0.181   
41 0.181 0.185 0.185 0.180   
42 0.181 0.184 0.185 0.180   
43 0.178 0.181 0.182 0.178   
44 0.176 0.179 0.180 0.175   
45 0.174 0.178 0.179 0.174   
46 0.172 0.175 0.176 0.172   
47 0.171 0.173 0.174 0.170   
48 0.168 0.169 0.170 0.167   
49 0.165 0.165 0.166 0.165   
50 0.164 0.164 0.166 0.164   
51 0.162 0.162 0.164 0.162   
52 0.160 0.160 0.161 0.160   
53 0.158 0.156 0.157 0.158   
54 0.157 0.155 0.156 0.157   
55 0.155 0.153 0.154 0.155   
56 0.154 0.153 0.153 0.154   
57 0.152 0.151 0.151 0.152   
58 0.149 0.149 0.149 0.149   
59 0.148 0.148 0.148 0.148   
60 0.148 0.148 0.149 0.148   
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Table 11.  
Empirical standard error of the proficiency estimate according to the number of items administered (θ  
= -1) 

ITEM    ininSS       iapiapSS       i cbi cbSS      eapeapSS  ITEM       ininSS       iapiapSS       i cbi cbSS      eapeapSS  

1 0.405 0.405 1.274 0.405   
2 0.489 0.652 1.095 0.488   
3 0.484 0.715 0.946 0.483   
4 0.443 0.688 0.760 0.443   
5 0.414 0.618 0.651 0.414   
6 0.409 0.567 0.601 0.409   
7 0.394 0.527 0.547 0.394   
8 0.385 0.490 0.512 0.385   
9 0.369 0.453 0.471 0.369   
10 0.361 0.420 0.440 0.361   
11 0.344 0.394 0.414 0.344   
12 0.328 0.378 0.392 0.328   
13 0.319 0.360 0.369 0.319   
14 0.308 0.344 0.351 0.307   
15 0.296 0.328 0.341 0.296   
16 0.283 0.312 0.320 0.282   
17 0.280 0.309 0.312 0.280   
18 0.268 0.294 0.298 0.268   
19 0.259 0.285 0.289 0.259   
20 0.253 0.273 0.281 0.253   
21 0.248 0.267 0.273 0.248   
22 0.243 0.261 0.266 0.243   
23 0.236 0.252 0.256 0.236   
24 0.237 0.249 0.255 0.237   
25 0.232 0.243 0.250 0.232   
26 0.228 0.238 0.246 0.228   
27 0.227 0.233 0.242 0.226   
28 0.223 0.228 0.236 0.223   
29 0.217 0.222 0.230 0.217   
30 0.215 0.218 0.227 0.215   

31 0.210 0.214 0.222 0.210   
32 0.204 0.206 0.215 0.204   
33 0.202 0.205 0.213 0.202   
34 0.199 0.201 0.211 0.199   
35 0.194 0.198 0.206 0.194   
36 0.192 0.197 0.203 0.192   
37 0.187 0.192 0.198 0.187   
38 0.187 0.192 0.198 0.187   
39 0.183 0.187 0.193 0.183   
40 0.178 0.183 0.189 0.178   
41 0.178 0.181 0.187 0.178   
42 0.178 0.180 0.188 0.178   
43 0.174 0.176 0.184 0.174   
44 0.171 0.174 0.181 0.171   
45 0.170 0.173 0.180 0.170   
46 0.167 0.171 0.177 0.167   
47 0.165 0.169 0.174 0.165   
48 0.162 0.166 0.172 0.162   
49 0.159 0.164 0.169 0.159   
50 0.158 0.162 0.167 0.158   
51 0.157 0.161 0.165 0.157   
52 0.155 0.158 0.162 0.155   
53 0.152 0.155 0.159 0.152   
54 0.151 0.153 0.158 0.151   
55 0.149 0.152 0.156 0.149   
56 0.148 0.151 0.155 0.148   
57 0.147 0.149 0.153 0.147   
58 0.145 0.147 0.151 0.145   
59 0.144 0.146 0.150 0.144   
60 0.144 0.146 0.150 0.143   
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Table 12.  
Empirical standard error of the proficiency estimate according to the number of items administered (θ  
= 0) 

ITEM    ininSS       iapiapSS       i cbi cbSS      eapeapSS  ITEM    ininSS       iapiapSS       i cbi cbSS      eapeapSS  

1 0.566 0.566 1.783 0.566 
2 0.550 0.788 1.131 0.550 
3 0.511 0.796 0.883 0.511 
4 0.469 0.711 0.791 0.469 
5 0.435 0.619 0.717 0.435 
6 0.420 0.557 0.631 0.420 
7 0.393 0.513 0.564 0.392 
8 0.380 0.481 0.517 0.380 
9 0.361 0.445 0.473 0.361 
10 0.351 0.418 0.436 0.351 
11 0.333 0.393 0.409 0.333 
12 0.324 0.374 0.395 0.324 
13 0.312 0.356 0.376 0.312 
14 0.298 0.343 0.359 0.298 
15 0.293 0.336 0.346 0.293 
16 0.279 0.319 0.327 0.279 
17 0.277 0.312 0.322 0.277 
18 0.263 0.293 0.305 0.263 
19 0.257 0.282 0.294 0.257 
20 0.252 0.273 0.285 0.252 
21 0.247 0.270 0.278 0.247 
22 0.242 0.263 0.270 0.242 
23 0.236 0.254 0.261 0.236 
24 0.236 0.252 0.258 0.236 
25 0.231 0.248 0.253 0.231 
26 0.229 0.244 0.250 0.229 
27 0.226 0.241 0.247 0.226 
28 0.223 0.237 0.243 0.223 
29 0.219 0.231 0.239 0.219 
30 0.218 0.229 0.236 0.217 

31 0.213 0.225 0.231 0.213 
32 0.205 0.217 0.222 0.205 
33 0.202 0.213 0.220 0.202 
34 0.198 0.209 0.216 0.198 
35 0.192 0.203 0.209 0.192 
36 0.190 0.200 0.207 0.190 
37 0.186 0.195 0.203 0.186 
38 0.186 0.194 0.202 0.186 
39 0.181 0.190 0.196 0.181 
40 0.178 0.185 0.191 0.178 
41 0.177 0.184 0.189 0.177 
42 0.175 0.183 0.187 0.175 
43 0.171 0.179 0.184 0.171 
44 0.168 0.176 0.181 0.168 
45 0.166 0.175 0.179 0.166 
46 0.164 0.172 0.176 0.164 
47 0.162 0.170 0.174 0.162 
48 0.160 0.167 0.171 0.160 
49 0.157 0.164 0.168 0.157 
50 0.156 0.162 0.168 0.156 
51 0.154 0.159 0.165 0.154 
52 0.152 0.157 0.162 0.152 
53 0.149 0.154 0.160 0.149 
54 0.149 0.153 0.159 0.149 
55 0.148 0.151 0.157 0.148 
56 0.146 0.150 0.156 0.146 
57 0.145 0.149 0.155 0.145 
58 0.144 0.147 0.153 0.144 
59 0.142 0.146 0.152 0.142 
60 0.142 0.145 0.153 0.142 
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Conclusion 

 

The results of our study demonstrate that bias can be reduced more effectively by using an adaptive 

adjustment of the estimation procedure rather than considering only the final correction for bias proposed 

by Bock and Mislevy. These findings suggest the use of these adaptive estimation strategies in adaptive 

testing, especially the adaptive a priori combined with the adaptive integration interval.  

 

The results indicate a substantial reduction in the empirical bias, compared to the standard EAP strategy, 

especially with ACB and AAP conditions respectively combined with the the IN condition, and an 

increase of the standard error. It would appear that at extreme values of the proficiency level, the ICB 

condition allowed the largest increase of the empirical standard error, while the IAP condition diminished 

more significantly the level of bias while at the same time less increase the empirical standard error. 

Considering these results, the AAP condition combined with the IN condition seems to be a good 

strategy to incorporate to the CAT for bias reduction of the proficiency estimate. 

 

Additional research is needed to determine the influence of the use of more or less q quadrature points 

and of variation of the range of integration [min, max] according to the number of items administered. 

WLE estimation is also attractive because of is unbiasedness to order n-1 (van der Linden and Glas, 

2000, p. 207; van der Linden and Pashley, 2000, p. 5 ; Warm, 1989). Research on adaptive WLE 

estimators combined with IAP or ICB strategies would also be of interest.  
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We have also noticed biaseness of the theoretical standard error of the proficiecy estimate: positive for 

iapθ̂  and icbθ̂ , and negative for eapθ̂  and inθ̂ . Can we apply a correction for the bias of the theoretical 

standard error similar to the one used by Bock and Mislevy?  

 

Finally, links should be made with sequential analysis (Wald, 1947), EM estimation (Demster, Laird and 

Rubin, 1983) or Stein’s estimator and its competitors and generalizations, like the empirical bayesian 

estimation (Braun, 1989; Efron and Morris, 1973, 1975), being that they seem to be established on 

similar bases. 
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