Critical Eigenvalue Sizes in Standardized Residual Principal Components Analysis

A principal components analysis of Rasch residuals, i.e.,
of observed responses minus their expectations, is used in
Wright (1996) to investigate whether or not there is more
than one component explaining the structure of
respondent data. Wright postulates that, if the data are
unidimensional, then components in the residuals will be
at the noise level. Wright uses logit residuals. Linacre
(1998) argues in favor of residuals standardized by their
model standard deviation. These have the form of random
normal deviates and will be adopted here.

The idea of retaining components that are above noise
level is common practice in psychometrics. The Cattell
(1966) scree test and the Kaiser (1960) rule are the most
often used procedures to determine the number of
components. They are both based on inspection of the
correlation matrix eigenvalues. Cattell’s recommendation
is to retain only those components above the point of
inflection on a plot of eigenvalues ordered by diminishing
size. Kaiser (1960) recommends that only eigenvalues at
least equal to one are retained. One is the average size of
the eigenvalues in a full decomposition.

Smith and Miao (1994, p. 321) observe many components
with eigenvalues greater than one in four simulations of
unidimensional observational data. In their simulations,
the first component corresponds to the Rasch dimension.
The eigenvalue of the second component, the largest
component in the random noise, never exceeds 1.40,
suggesting that 1.40 is a threshold value for randomness.

Humphreys and Montanelli (1975) argue that the Kaiser
rule is only true for very large correlation matrices. They
propose that criterion eigenvalue thresholds be estimated
by simulation studies based on random data formed into
matrices of relevant sizes. The number of non-random
components is determined by comparing the eigenvalue
vector of the empirical data matrix with the vector of
mean eigenvalues from the simulations. Only those
leading empirical components with eigenvalues greater
than their simulated equivalents are retained.

Accordingly, simulations of normal random deviates are
performed here. These approximate matrices of Rasch
standardized residuals for situations in which the data fit
the model. O’Connor’s (2000) SAS program was used to
efficiently perform multiple simulations.

In Table 1, the average eigenvalues, along with their 5"
and 95" percentile values, are presented, obtained from
the simulation of different numbers of subjects (N) and
items (L). The simulated
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the first eigenvalue, and wusually by the second.
Consequently, the recommendation is to decide the
criterion eigenvalue directly from relevant simulations.
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Simulations of Empirically-Relevant Matrices
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Principal Component in Random Data

data are all random noise. Table 1. Principal component eigenvalues of simulated correlation matrices
The graphs shows the N=100; L=20 N=500; L=30 N=1000; L=50 N=300; L=60
Cattell scree plot for the 5" Mean 95| 5*®  Mean 95" [ 5"  Mean 95" | 5" Mean 95"
eigenvalues of the first 20 [111.74 1.90 2.07[ 1.42 1.48 1.55 [1.42 1.46 1.50[ 1.92 2.00 2.09
components. 211.61 1.72 1.85| 1.37 1.42 1.47 |1.38 1.42 1.45] 1.85 1.91 1.98
It is seen that the value of 311.50 1.59 1.69 1.33 1.36 1.40 (1.35 1.38 1.41]11.79 1.84 1.91
1.40 is always exceeded by 411.39 1.47 1.561 1.29 1.32 1.36 [1.33 1.35 1.38| 1.73 1.78 1.83
5[1.29 1.37 1.46| 1.25 1.29 1.32 [1.31 1.33 1.35| 1.68 1.73 1.78
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