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Abstract

Several estimation procedures such as the Efficient Method of Moments (EMM) of
Gallant and Tauchen (1996) and Indirect Inference procedure of Gouriéroux, Monfort
and Renault (1993) involve two models, an auxiliary one and a model of interest.
The role played by both models poses challenges and provides new opportunities for
hypothesis testing beyond the usual Wald, LM and LR-type tests. In this paper we
present and derive the asymptotic distribution theory for various classes of tests for
structural change. Some procedures are extensions of standard tests while others are

specific to the dual model setup and exploit its unique features.
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1 Introduction

There is now a fully developed asymptotic distribution theory for various types of test statistics associated
with Generalized Method of Moments (henceforth GMM) and Simulated Method of Moments (henceforth
SMM) estimators. The seminal paper by Hansen (1982) on GMM proposed a widely used test for overi-
dentifying restrictions, while Gallant (1987) and Newey and West (1988) presented generic Wald, LM and
LR-type tests. Andrews and Ploberger (1994) deal with optimal tests when a nuisance parameter is present
only under the alternative. One of the most prominent applications of such test statistics involves the hy-
pothesis of structural change with unknown breakpoint.! McFadden (1989), Pakes and Pollard (1989) and
Duffie and Singleton (1993) extended the GMM framework to estimation methods involving simulated mo-
ments. A comprehensive treatment of Wald, LM and LR-type tests for SMM can be found in Gouriéroux,
Monfort and Renault (1993). Ghysels and Guay (2003) derive optimal structural change tests
with unknown breakpoint for simulated method of moments.

In recent years a number of estimation procedures have been proposed which involve a dual model
setup. Examples include Asymptotic Least Squares (henceforth ALS) of Gouriéroux, Monfort and Trognon
(1985), the indirect inference method of Gouriéroux et al. (1993) (henceforth I.I.) and the Efficient Method
of Moments (called EMM) procedure of Gallant and Tauchen (1996). Estimation procedures involving
auxiliary models are more commonly used, particularly in situations where likelihood-based estimation or
method of moments are infeasible. Many empirical examples can be found in macroeconomic and financial
econometrics literature. These procedures are driven by the fundamental distinction between an auxiliary
model, parameterized by a vector 8, and a model of interest, which is parameterized by p. The distinct role
played by both models can be viewed as adding complications to the formulation of traditional tests and
can also be viewed as the basis for formulating new classes of tests. The purpose of our paper is to examine
both issues.

We present several classes of tests for structural change, some are extensions of tests proposed for GMM
and SMM while others genuinely exploit features unique to the dual model setup. We proceed in two
steps. First we ignore the simulation uncertainty and deal with tests for structural change in a GMM-type
setup involving an auxiliary model. Such tests are based on the ALS principle. Next we add the simulation
uncertainty and present a generic class of tests for structural change with unknown breakpoints for EMM and
LI estimators. While Ghysels and Guay (2003) deal with structural change tests for simulated

method of moments they do not consider estimation methods involving an auxiliary model as

11t should be noted that various tests for the structural change hypothesis were developed for the GMM estimator; see for
instance Andrews and Fair (1988), Dufour, Ghysels and Hall (1994), Ghysels, Guay and Hall (1997), Ghysels and Hall (1990),
Guay (2003), Hall and Sen (1999), Hoffman and Pagan (1989), Sowell (1996a), among others.
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ALS, I.I. and E.M.M.

Among the tests for structural change specifically tailored for EMM and LI. figures a class of tests
based on a principle of simulated scores which is specific to the combination of an auxiliary model and
simulation based estimation. The simulated score tests we propose use simulated series from a restricted
null model of interest. Using the reprojection arguments of Gallant and Tauchen (1998) we can fit a sieve
seminonparametric SNP density to the simulated data. Under the null the simulated data should yield a
reprojection score generator which is a martingale difference sequence when applied to the actual sample
data.

Our analysis also relates to a EMM diagnostic test proposed by Liu and Zhang (1998). Their test, while
meant to be a simulated score test, is closely related to one of the structural change tests we propose. We
generalize and extend the test Liu and Zhang (1998) suggested. Recent work by van der Sluis (1998) also
proposes structural change tests for EMM. We show that the asymptotic derivations in van der Sluis are
invalid for the proposed statistics and compare our tests with the Hansen J-type and Hall-Sen type tests
discussed in van der Sluis (1998).

The paper is organized as follows: In section 2 we discuss tests for structural change with unknown
breakpoint. Section 3 deals with simulated score tests. Section 4 covers non-nested hypothesis testing while

section 5 concludes.

2 Models and Parameter Estimators

In this section we describe the data generating processes as well as the various classes of estimators we
will consider. A first subsection is devoted to the description of the data generating processes. The second
subsection covers the parameter estimators.

2.1 The Data Generating Processes

The data generating process is described by a parametric nonlinear simultaneous equations model, namely:

(Yt Yt—1, Tt ut, p) = 0 (2.1)

q(ue, ug—1,€¢,p) =0 (2.2)

where p € ® C RP, {y;} corresponds to the vector of dependent variables whereas {z;} is the vector of

exogenous variables. Both vector processes are stationary and observable, in addition {x;} is a homogeneous
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Markov process independent of {e;} and {u;}. The latter two are latent processes with e, white noise with
known distribution Gg.? The fact that only one lag is considered in (2.1) and (2.2) is not essential and can
easily be relaxed.? It will also be convenient to define the vector Z;_1 = (y;—1, ;). Equations (2.1) and (2.2)
correspond to the data generating processes considered by Gouriéroux et al. (1993), Gallant and Tauchen
(1996) and Dridi, Guay and Renault (2003). Since we will be dealing with simulation-based estimators
we assume that samples of simulated {y$(p)}._; can be generated uniquely through (2.1) and (2.2), given
p and conditional on initial values uy and yo as well as the observed path of exogenous variables {x;}71_;.
Throughout the paper we assume that all processes are stationary under the null of no structural change.
Following Andrews and McDermott (1995), one can extend the asymptotic distribution of the estimators and
corresponding test statistics to nonlinear models with deterministically trending variables. As Andrews and
McDermott show, this would only involve some straightforward modifications to the estimation of covariance
matrices.

The indirect inference method of Gouriéroux et al. (1993) and the efficient method of moments of Gallant
and Tauchen (1996) are estimation procedures designed for situations where the log-likelihood function of

the structural model:

T
¢rip) = > logp(yilZi-1,p) (2.3)
t=1

is computationally intractable and where {p(y:|Z;_1,p)}_, is a sequence of time-invariant condi-
tional densities. The likelihood-based method is therefore replaced by an instrumental criterion which

involves a vector of parameters § € © C R?, namely:
1 X
Ur(0) = T ;wt(yﬂzt—l, 0). (2.4)

Minimizing (2.4) yields an M-estimator §T for 6. The auxiliary model parameters 6 and those of the structural

model are related through a system of G-equations:

9(6%,p°) =0 (2.5)

where pU is the true value of p defined for the structural model (2.1) and (2.2) and 6* called the pseudo-true
value is the value which minimizes the limit (as T — o00) of the M-estimation criterion (2.4). Equation
(2.5) yields a so-called binding function 6* = b(p"). The I.I. and EMM procedures provide, in different ways,

simulation-based approximations to the binding function. Moreover, the function in (2.5) must satisfy:

2The assumption of white noise can be relaxed, see Gouriéroux et al. (1993) for further discussion.
3In principle an infinite number of lags can be considered, though at a cost of additional regularity conditions, as discussed

by Gallant and Tauchen (1996).
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Assumption 2.1 For the purpose of identification, p < G < q in (2.5), where p € R C RP, 0 € © C RY,
Go = dg(6*,p°)/00" and G, = dg(6*,p°)/dp" are both of full column rank.

Finally, it will be useful to split the parameter vector p into two subvectors p = (p', p?). There are
at least two motivating reasons for this. First, following Andrews (1993) one can consider tests for partial
structural change where only a subvector p' of the parameter vector of interest p is tested for structural
change. Second, following Dridi and Renault (2001) and Dridi et al. (2003) one can also consider situations
where only a subvector p' of p is of direct interest while p? consists of nuisance parameters, such as parameters
pertaining to distributional assumptions. Such a situation, which Dridi and Renault (2001) and Dridi and
al. (2003) label semiparametric indirect inference, also suggests tests for structural change for subvectors
corresponding to parameters of economic interest. Throughout the remainder of this paper we will discuss
the implications of partial structural change and semiparametric indirect inference. To keep the notational
complexity minimal, we avoid spliting the parameter vector p in subvectors. All the results we present can
easily be modified to take into account the special cases of testing the null hypothesis of structural change

for subvectors.

2.2 Parameter estimators

The Asymptotic Least Squares estimator of Gouriéroux, Monfort and Trognon (1985) is a procedure for
estimating p through an auxiliary model parameterized by 6. Its main advantage, which we exploit here for
expository purpose, is that it does not involve simulation uncertainty. Sidestepping this source of uncertainty,
at least at a first stage, allows us to focus first and foremost on the key issue of testing for structural change

when an auxiliary model is present.

2.2.1 The Asymptotic Least Squares estimator

We will consider several ALS estimators. In particular, we define the estimator for the entire sample of the

parameter vector of the auxiliary model as the following M-estimator:

T
A 1
Or = argmin - ; Vi (Ye| Zi-150) (2.6)

where 6 € © C RY. Some tests for structural change involve parameter estimators over subsamples. We will
call full sample estimators, like (2.6), as restricted estimators since the parameters are assumed identical
across subsamples. To define an unrestricted estimator we consider explicitly two subsamples, the first
is based on observations ¢ = 1,---,[T'r] while the second subsample covers t = [T'w] + 1,---,T where

m € II C (0,1). The separation [T'w] represents a possible breakpoint and [-] denotes the greatest integer
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function. The unrestricted asymptotic least squares estimators for the first and the second subsamples are,

b1 () = argmm Zﬂft (Y| Zi-1;60 (2.7)
Oar(r )—argrrggT Z Ve(ye] Zi-130). (2.8)
t [Tr]+1

The unrestricted least square estimators of the parameter vector p for the first and the second subsamples

are obtained by:

pir(m )—argggng(t? 7(7), p) Wi (m)g(0ir (7), p) (2.9)

where W, (m) are positive definite matrices and g is defined in (2.5) and ¢ = 1,2 corresponding to the
appropriate subsample. The restricted asymptotic least squares estimator for p is obtained via a function
relating 6* to the parameter of interest. This function is defined as g(6*, p°) = 0 where 0 replaces 6%, i.e. the
estimator which minimizes as T — oo the limit of the M-criterion. Hence, the restricted (i.e. full sample)
estimator is:

pr = argmin g(0r, p) Wrg(0r, p) (2.10)

where Wr is a G X G positive definite matrix.

2.2.2 The Indirect Inference estimator

The indirect inference method of Gouriéroux et al. (1993) also involves the binding function which relates the
estimator for the auxiliary model to the estimator of the structural model 6* = b(p°). The binding function
is unknown, however, and therefore is approximated by simulation. Assume one selects a value of p and,
using equations (2.1) and (2.2), one simulates the process {y(p)}_,. The estimator of the auxiliary model

is then defined as:

T
03(0) = argmin = >~ vuli ()71 (0), ) (211)

where Z§ are the initial values (y_1, xo) for the s simulated path. Note also that Z7 ,(p) = (yi_1(p), z:). For
S simulated paths, we construct & 255:1 éfp(p), where 91} is a consistent estimator of the binding function.

The indirect estimator of p is obtained as the solution of the following minimum distance problem
!
. A 1 - . 1 ~s
pr = argmin [9T -3 > 9T(p)] Wr [9T -3 Z%(p)l : (2.12)
where Wr is a ¢ X g positive definite matrix.

For certain structural change tests we will need again to define subsample estimators. They are obtained

with the auxiliary model for the first and the second subsamples, namely:
. 1 (T7]
07 (p, ) = arg géi(g ] Z Ve(yi (01271 (p), 0) (2.13)
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and ,
A 1
03 — argmin ——— S(0)|Z5_1(p), 0 2.14
ir(pm) = argmin 7y t_{;ﬂ%(yt(p)l 2 1(p),0) (2.14)

Therefore the indirect estimators for the first and the second subsamples are obtained by:

s ! s
p5o(m) = axgmin | Oir(r) = 5 >~ 0 w>] Wi () [éw) 52 m) (215)

for i = 1,2 and W, (7) are positive definite matrices.

To conclude this section we elaborate on the simulation of processes with structural breaks. Suppose the
parameters of interest for the two subsamples are p; for ¢ = 1,2. Then for the first subsample one generates
data based on (2.1) and (2.2), modified accordingly, namely r(y;, y;_;, ©t, ut, p1) = 0 and q(uj, uf_1,€5,p1) =
0 for t =1,---,[Tx]. This is repeated for the second subsample which covers t = [T'w| + 1, -+, T with ps as

parameter. Hence, one creates a series {y;(p1,p2)} i = ({yf(pl)}gq],yf(pg)}tT:[TﬂHl).

2.2.3 The Efficient Method of Moments estimator

According to the D.G.P. (2.1) and (2.2), Gallant and Tauchen (1996) define what they call
the maintained model via the corresponding sequence of time-invariant densities {p1(Zo|p), p(y|Zt—1,p) }524,
p € R C RP, whereas the auxiliary model is represented by a sequence of time-invariant densities {f1(Zo|6),
{f(y|Z1-1,0)}2,, 0 € ©® C R% It should be noted that we continue to use Z;_1 as the conditional in-
formation set. Typically, Gallant and Tauchen consider densities conditional on y;_1. However, in some
circumstances Z;_, contains only x;, as for instance is the case with reprojection schemes, see Gallant and
Tauchen (1998). For the sake of simplicity we will keep the conditioning set as Z;—; and it will be obvious
from the context what the conditional information set is. The following assumption introduced by Gallant
and Tauchen (1996) is used for the validity of the EMM criterion as a specification test for the maintained

model.

Assumption 2.2 The maintained model {p(Zo|p), p(yt|Zi—1,p)}21 p € R is smoothly embedded within the
auziliary model { f(Zo|0), f(ye| Zi—1,0)}52, 0 € ©, i.e. for some open neighborhood R° — O, it is such that:

(el Zi—1,p) = flyel Ze—1,b(p)],t =1,2,... for every p € R® and p (Zo| p) = f(Zo|b(p)) for every p € RO.

Under this embedding assumption, the parameters of the auxiliary model (6*) are related to the parameters
of the maintained model (p°) according to 6* = b(p"). Assumption 2.2 is comparable to Assumption 2.1,
both play the same role guaranteeing identification of p via the auxiliary model. However, Assumption 2.2

is stronger than Assumption 2.1. Indeed, under Assumption 2.2 the E.M.M. estimator is fully efficient.
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The EMM estimator is obtained in two steps. The first step is to compute the (pseudo) maximum
likelihood estimate of the auxiliary model:

T
- 1
Or = argmax ;log[f (yt| Ze-1,0)], (2.16)

and the corresponding estimate of the information matrix:

1[0 NN NN
Ir = TZ [— Ing(ytlzt—laeT)] [_Ing(ytlzt—lueT) !

90 90 (2.17)
t=1

In the second step, a vector of moment conditions is constructed using the expectation under the maintained
model of the scores from the auxiliary model. The EMM estimator is obtained by minimizing a GMM

criterion function formed by the above moment conditions, i.e.,

pt = argminmi(p, 0r)' (Ir) = mi (p, Or) (2.18)
where
1 &0
S _ - -~ s s
mH0.0) = 75 Y- g oAl 711010 219

and vy (p), Z7_4 (p)tT:S1 is a long series of realizations simulated from the maintained model with the parameter
vector p. Under suitable regularity conditions discussed in Gallant and Tauchen (1996) and Assumption 2.2,
we have VT (O —6*) % N{0,I7'} and, VT(pir — p°) % N{0, [M/T""M,] "'} where M, = (8] 9p')m(p°,6")
and I is the outer product of scores, as suggested by the estimator in (2.17). All these results apply to
the case where the number of simulations goes to infinity. In the case of possible structural changes with
unknown breakpoint, theoretical results based of the number of simulations equal to infinity are not so
appealing as the computational cost involved can be prohibitively high. For this reason, the asymptotic
results need to be modified to account for a finite number of simulations. When S is finite, the randomness
of the EMM estimator pr will not only depend on the randomness of 67 but also on the randomness of
the moment conditions due to a finite length of series simulated from the structural model. Therefore the
asymptotic variance-covariance matrix in equation (2.17) is scaled by (1 + 1/5) using arguments similar to
Duffie and Singleton (1993).

To conclude this section we present partial sample estimators which appear in certain tests for structural
change. The unrestricted EMM estimator for the subsamples are defined as:

pip(m) = afglpréigelm/i(pa Oir (7)) (L)~ i (p, i () (2.20)

4See Gallant and Tauchen (1996) for alternative consistent estimators of I.
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where p; € R C RP, I;1 is the estimator of the matrix I for the i*" subsample and:

17(m) = argmax Zlog (ye| Z1-1,0)], (2.21)
. 1 T
Our () = arg max 7y t_[TZ,,m log[f (se] Z1-1.9)]. (2.22)
1 (TS~ A
mi(p.dur(r) = s 3 g 108 Sk (V22 (0, ) (223)
. 1 IS 9 . . .
ma(p, O2r (7)) = TS = [T5x] t_[Tngl 59 108 F1vi (p)| Z_1(p), b (m)]. (2.24)

The simulation of processes when a break is present can be characterized by the following sequence of
densities {p(Zo|p1), p(yt| Zt—1, pl) } for the first subsample and {p(ye| Ze—1, p2)} 15 ‘7sx)+1> for the second.
It is important to note that the simulated path length is function of the fraction of the sample (7). This
point is crucial. Indeed, The asymptotic distribution of several structural change tests could depend on the
nuisance parameter .S and hence the critical values depend on S, in the case where the simulated path length

is not split according to the presumed breakpoint 7. Section 3.2 will examine this problem.

3 GMM-like Tests for Structural change with unknown break-
point

The purpose of this section is to generalize GMM-based tests for structural change presented by Andrews
(1993), Andrews and Ploberger (1994), Sowell (1996a,b) and Ghysels, Guay and Hall (1997). A variety of
tests were proposed ranging from (optimal) Wald, LM and LR-type tests to predictive tests with unknown
breakpoint. In this section we deal with the issues posed by procedures involving two models, an auxiliary
one and a model of interest. We noted that the role played by both models poses challenges and provides
new opportunities for hypothesis testing. Here we only deal with the usual Wald, LM and LR-type and
predictive tests. In the next section we cover tests which are specifically designed for the dual model setup.
We cover tests based on ALS, Indirect Inference and EMM estimators. One of the first issues to resolve is to
clearly define the null hypothesis of interest in tests for structural change analysis. The analysis in the first
subsection involves the ALS since it allows us again to focus directly on the key issues of hypotheses and

test statistics. The added complication of simulation uncertainty is considered in the second subsection.
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3.1 Tests for Asymptotic Least Squares

The purpose of this section is twofold: (1) clearly spell out the null hypotheses involved in tests for structural
change when an auxiliary model is present and (2) adapt the usual Wald, LM and LR-type and predictive

tests for such situations. A subsection is devoted to each of the two issues.

3.1.1 The Null Hypotheses

The null hypothesis of interest for structural parameters is:
HY:pp=p" Vt=1,..T. (3.1)

The fact that we estimate the parameter vector p indirectly via an auxiliary model implies that we also

should consider the null hypothesis:
HY:0,=0" Vt=1,..,T. (3.2)

The null hypotheses (3.1) and (3.2), while related, are obviously not identical. Accepting Hg implies that
there is no structural change for p because of the identification Assumption 2.1 for the binding function.
Rejecting Hg does not necessarily imply that H{ is violated since the dimension of 6 is equal or greater than
the dimension of p. To unravel whether the rejection of Hg is due to a structural change of the overidentifying
restrictions, one can follow the approach of Sowell (1996b) and characterize via projection the subspace which
identifies p. Such projection can distinguish structural change of the structural parameters from breaks in
the overidentifying restrictions. This distinction becomes even more interesting when we allow for partial
structural change, i.e. consider subvectors of p. In particular, in the context of semiparametric indirect
inference, following Dridi et al. (2003), this may involve a subvector of nuissance parameters p? for which
structural change may be more tolerated.

To elaborate further on the distinction between the null hypotheses (3.1) and (3.2), and in particular the

interpretation of rejecting the null hypotheses, we consider a sequence of local of alternatives:
t
Our = 0"+ h(n,v, )/VT (3:3)

where h(n,v, ), for m € [0,1], is a g-dimensional function which can be expressed as the uniform limit of
step functions, n € RY, v € R7 such that 0 < 11 < vp < ... < v; < 1 and 6* is in the interior of ©. The
function h(-) allows for a wide range of alternative hypotheses (see Sowell (1996b)). The parameter v locates
structural changes as a fraction of the sample size and the vector 7 defines the local alternatives. To simplify

the notation h(n, v, %) will be denoted h(v). The following theorem provides the asymptotic distribution for



THIS VERSION: April 15, 2004 10

the optimally weighted g(-) for both subsamples, using Wy = 9515, where Qp is the full sample estimator

of the optimal weighting matrix {2 which is defined in Appendix E:
Theorem 3.1 Under Assumptions 2.1, A.1, B.1 and sequence of local alternatives (3.3), we have:

VT (v (n), pr) = _[B(ﬁ)_ﬂfl/QGQH(ﬁ)}Jr

TG, (GG, TG [BO) - @ 2GaH (1))

(1= mWVTQ 2 g0ar(m), pr) = = [B(1) = B(x) = 072Gy (H(1) — H(x))| +

(1 - M) 2G,(G,07'G,) " G0 /> [3(1) - 9*1/2G9H(1)} .
where H(m) = foﬂ h(n,v,r)dr, B(r) is a G-dimensional vectors of independent Brownian motions.

Proof: See Appendix E
Under the null hypothesis (3.2), a version of Corollary 1 of Sowell(1996a) holds, namely there exists an

orthonormal matrix C such that

—BBy(T)

- —-1/2 (1), 5
VT g(bur (m), fr) e

(3.4)

where BBy (7) is a p-dimensional Brownian bridge, Bg—,(7) is a G — p-dimensional Brownian motion, C is
such that Q~1/2G,(G,Q71G,)"1G,Q~ /2 = C'AC,CC’ = Id where Id is the identity matrix and

A= 1d, Opx(G-p)

O(G—p)xp O(G—p)X(G—p)

For the function g(-) evaluated at the estimator obtained from the second subsample, we have

BBy ()

(1— W)C\/Tle/Qg(ézT(ﬂ')v pr) _Ba—p(ﬂ—)

where BB¢(m) is defined above and B, (7) = Bg—p(1) — Bg—p().

As shown by Sowell (1996b), structural change tests can be constructed in projecting on the appropriate
subspace. The limiting stochastic processes in (3.4) and (3.5) are equivalent to the limiting stochastic
processes for the GMM estimator in Sowell or those obtained for the Simulated Method of Moments estimator
in Ghysels and Guay (2003). Under the null hypotheses (3.1) and (3.2), the results in (3.4) and (3.5) show

that the limiting continuous stochastic processes are linear combinations of p Brownian bridges, one for each

5This expression may exist only with probability going to one. When this expression is singular, a g-inverse can be used in

place of the inverse (see Andrews (1993)). Similar comments apply elsewhere below
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parameter estimated, and G — p Brownian motions, spanning the space of overidentifying restrictions, where
G is the dimension of g(-).

We can refine now the null hypothesis (3.1). In particular, following Hall and Sen (1999) we consider the
generic null, for the case of a single breakpoint, which seperates the identifying restrictions across the two

subsamples:

PL2g(0%, )
PeQ=12g(6%, )

0 Vi=1,...,[rT]

HlP(n) =
0 0 Vt=[rT]+1,...,T

where Pg = Q_l/QGP(G;Q_lGp)_lG;Q_l/? Moreover, the overidentifying restrictions are stable if they

hold before and after the breakpoint. This is formally stated as HY () = HS 9" (x) N HS ~9%() with:

HY ™9 () : (Idg — Pa)Q~2g(0%,0°) = 0 vi=1,...,[rT]

HY () : (Idg — Pa)Q~2g(6*,0°) = 0 Vt=[rT)+1,...,T
Using the projection applied to the decomposition appearing in (3.4) and (3.5), it is clear that instability
must be reflected in a violation of at least one of the three hypotheses: H{”(r), HS 9" (x), or HS 9 (n).
It is only the former of those three which corresponds to the null hypothesis (3.1). Violation of HOO —9 (1),
or H(?792(7T) mean that there are reasons to reject the null hypothesis H§ in (3.2), but still accept Hf in
(3.1). Various tests can be constructed with local power properties against any particular one of these null
hypotheses (and typically no power against the other two).

To conclude we need to discuss the implication of various structural change tests in presence of auxiliary
models. The decomposition of the hypothesis (and associated tests) into HA?(x), HS 9 (x), or HY 9% (x)
has different implications for the structural model. The auxiliary model can be viewed as a window through
which information is obtained about the structural model. Consequently, structural change can only be
assessed via the information about the structural model revealed by the auxiliary model. For example, Guay
and Renault (2003) examine indirect encompassing when both models are misspecified and estimated by
auxiliary models. In the first step of their proposed procedure, the auxiliary model is used only to obtain
consistent estimators of structural model parameters. Structural parameter instability detected through the
intermediary of the auxiliary model is crucial for the consistency of the procedure. However, instability
of the overidentifying restrictions (of the auxiliary model) without change of the structural parameters is

innocuous.
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3.1.2 Test statistics

A structural change test is obtained for the vector of parameters p when the function Q;l/ 2g(~) is projected

on the subspace identifying the parameters with the first subsample estimator 617. This statistic is

Qur(m) = Trg(Our(m). pr) '’ (22 Coir (G v 07 Grur) 6 12 ?) (3.6)

~1/2 4 .
xQp / 9017 (m), pr).
where G, 7 is a consistent estimator of G,. The statistic with the estimator of the second subsample is:

Qur(m) = T(1—mg(lar(x), pr)' Qs (972G, r(G a7 Gor) G ?) (37)

XQ;/QQ(@}T(WLPAT)'

A structural change test for overidentifying restrictions is obtained when projecting the function QTl/ 2g(-)
on the subspace orthogonal to the subspace identifying the parameters. For example, the statistic with the

first subsample estimator is

br(m) = Trg(lur(). pr) Q' (14 = 212G, 0 (G r 07 Gor) a9 2) (39)

Q729 (17 (m), pr)

In the case of unknown breakpoint, statistics can be constructed by mapping on 7 € II. Andrews and
Ploberger (1994) in the context of maximum likelihood estimation and Sowell (1996a,b) for GMM estimation
derive optimal tests which are characterized by an average exponential mapping. In the case of a one time
structural break alternative and a particular integral weight functions for h(-) in (3.3), the tests with the

greatest weighted average asymptotic power have the following form for structural parameter instability

where R(w) is the weight function over the set of possible breakpoints II. The parameter ¢ controls the
distance of the alternative. For close alternatives ¢ — 0, the asymptotic test with the greatest weighted
average power is an average (ave) over 7 € II and has the form: [ Q;r(m)dR(n). For a distant alternative
¢ — oo, the functional is: log [ exp (3Qir(m)) dR(w). The supremum form sup, < Qi () often used in the
litterature corresponds to the case where ¢/(1 4 ¢) — oco. The LM (or LMy (w) for given ) test statistic of
structural change corresponds to the case where R(7) = 1/ (w(1 — w)) dm. A Wald (Waldr(w)) and a LR-type
(LRp(m)) test statistics can be constructed as usual with the restricted and unrestricted ALS estimators.
Following Andrews (1993), we can show that Waldr(n) = LMy () + 0,(1) and LRy (7) = LMy () 4 0,(1).

The following proposition gives the asymptotic distribution for the exponential mapping for Q;r when

Q1 corresponds to the Wald, LM and LR ratio-type tests.
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Proposition 3.1 Under the null hypothesis Hy in (3.1) and Assumptions 2.1, A.1, B.1, the following
processes indexed by w for a given set II whose closure lies in (0,1) satisfy:
1
sup Qir = su];r)I Qp(m), aveQir = / Qp(m)dR(rm), expQir = log (/ exp[§Qp(7r)]dR(7r)> ,
TE II II
with
Qy(m) = BB,(x) BB, ()

fori=1,2.

This result is obtained through the application of the continuous mapping theorem (see Pollard (1984)).
The asymptotic distribution is a quadratic form of weighted Brownian bridge such as when the breakpoint
is known the asymptotic distribution is a chi-square with a degree of freedom equal to the dimension of the
structural vector parameters. In the case of an unknown breakpoint, critical values are given in
Andrews (1993) for a weighting equals to 1/(7(1 — m)).

The next proposition gives the asymptotic distribution for the exponential mapping for Q% when Q%

is the statistic for the structural change in overidentifying restrictions corresponding to the null H(? _gi(ﬂ').

Proposition 3.2 Under the null hypothesis of no structural change for the over-identifying restrictions and
Assumptions 2.1, A.1, B.1, the following processes indexed by w for a given set I1 whose closure lies in (0,1)
satisfy:

sup Qop = sup Qi,c—p(T),
well

aveQ?Té/Qi,G—p(W)dR(W)v
5

expQly = log (/H exp[%Qi,G_p(w)]dR(w)> )

with Q1,6—p(7) = Ba—p(7)'Be—p(7) and Qa2,6—p(7) = Bg_,(7)'Bg_,(7), where Bg_p(7) is a G — p-

dimensional vector of independent Brownian motion, B¢, _,(7) = Bg—p(1) — Be—p(7) and i = 1,2.

The asymptotic distribution is a quadratic form of Brownian motion such as when the breakpoint is known
the asymptotic distribution is a chi-square with a degree of freedom equal to G — p. Critical values for
Q1,6-p(m) and Q2,¢_p(m) With respective weighting equals to 1/7 and 1/(n(1 — 7)) are tabulated
in Guay (2003). Predictive tests, discussed in Ghysels, Guay and Hall (1997) and Guay (2003), can also

be constructed and the asymptotic distribution of those tests can be easily obtained from Theorem 3.1.
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3.2 Structural Change for Indirect Inference and EMM

The analysis in Section 3.1 involves the Asymptotic Least Squares estimator of Gouriéroux, Monfort and
Trognon (1985), a procedure which we have chosen to discuss first as it features the estimation of p through
an auxiliary model parameterized by 6. We now turn our attention to procedures with similar features, but
which require simulations to obtain the binding function appearing in (2.5). Sidestepping simulation un-
certainty allowed us to focus exclusively on the key issue of testing for structural change when an auxiliary
model is present. The results in Ghysels and Guay (2003) may help us to understand the effect of simula-
tion uncertainty on tests for structural change. They propose a set of tests for structural change in models
estimates via Simulated Method of Moments (see Duffie and Singleton (1993)) and show that the number of
simulations does not affect the asymptotic distribution nor the asymptotic local power of tests for structural
change. Hence, the asymptotic results obtained for GMM-based tests are also valid for SMM-based proce-
dures. The intuition for this result is that in the case of tests for structural change one compares parameter
estimates that are subject to the same simulation uncertainty (unlike tests of a fixed hypothesis where the
distance of the estimates to the null depends on the simulation uncertainty). Ghysels and Guay (2003)
show that the asymptotic distribution under the local alternatives depends on the number of
simulations. Nontheless, they also shown by a Monte Carlo investigation that a relatively small number of
simulations suffices to obtain tests with desirable small sample size and power properties.

The purpose of this section is to extend the results of Ghysels and Guay (2003). In particular, it will be
shown that for both the I.I. and EMM estimators, the simulation uncertainty does not affect the asymptotic
distribution of tests for structural stability. Hence, there is an asymptotic analogue between ALS-based
tests and L.I. or EMM-based procedures. We begin with the Indirect Inference procedure to show that this

is indeed the case.

Theorem 3.2 For the full and the partial sample indirect inference estimators appearing in (2.13), (2.14),

under Assumptions 2.1, A.1 and C.1 and sequence of local alternatives (3.3), we have

s
12 |4 1 -
T, [GIT(W) -3 Zef:r(ﬁ?mﬂ)] = -

and for the second subsample

(1 —m)VTQ,"?

. 13
92T(W)—5295T(ﬁ%ﬂ)] = -
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QT2 (H(1) = H(m)) + (1= )27 2b,(5°) [b,(6°)' Q7 b, ()] x

S
b2 | B Z Q~2H(1)

Eo|>—‘

where H(m fo (n,v,r)dr and B(m) and B*(m) are two g-dimensional vectors of mutually independent

Brownian motions and Qr is a consistent estimator of Q = J~1IJ1.

Proof: See Appendix E
Under the null hypothesis, by replacing Q1 by Qp = (14 )QT in the expressions of Theorem 3.2, a

version of Corollary 1 of Sowell(1996a) can be easily shown such as

N —BB, (7
rCVTQ? [91T ZHIT PTyT ] ot
—By—p(m)
For the second subsample, we have
R BB, (7
(l—w)C\/_Q 1/2 Oor (7 ZGQT P, T »(m)
—B;‘_p(w)

where By (7) = By—p(1) — B4—,(m). To obtained these results, we note that

1\ ~1/2 138
(1+§> B7T—§;B(ﬂ')

is a g-dimensional vector of standard Brownian motion. As shown in Section 3.1.2, structural change tests

can be constructed by projection on the appropriate subspace. A structural change test is obtained for the
vector of parameters p when the difference between the estimator obtained with the auxiliary model for the
data and the average estimators obtained with simulated paths is projected on the subspace identifying the

parameters for the first or the second subsample. The statistic based on the first subsample estimator is

I
17 (m Z 0,

_1/2 <Q;1/2b [b’ 2971, T}_ % TQ—1/2>
0,2 [élT Ze

where b, 7 is a consistent estimator of bp(p )6, A structural change tests for overidentifying restrictions

Q1S,T(7T) =

is obtained by projecting the same function on the subspace orthogonal to the subspace identifying the

parameters. The resulting statistic based on the first subsample estimator is:

17 (m ——Ze

0.’ lém -3 ZelT p3)

6See Gouriéroux et al. (1993).

3 -1 _
152( ) = 0yl <Id O b, [b;,TQ%lbpyT} b;hTQTl/2> X
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The asymptotic distribution under the null of the exponential mappings of these statistics is given in Propo-
sition 3.1 for the parameter stability and in Proposition 3.2 for stability of overidentifying restrictions.

Using Theorem 3.2, we show that simulation uncertainty does not affect the asymptotic distribution of
tests for structural stability under the null. Hence, the implication of structural change detected in the
auxiliary model has the same interpretation as in the ALS case. In Section 3.1.1 it was noted that the
importance of instability in the auxiliary model for the structural model depends on which hypotheses is
violated, namely Ho” (), H ' (n), or HY 9*(r). An interesting case to examine can be found in Dridi
and Renault (2001) who develop a generalization of Indirect Inference to semi-parametric settings. Their
approach produces a theory of robust estimation despite misspecifications of the structural model. Suppose
economic theory only provides information about a subvector of parameters of interest p! (in our notation)
and direct estimation of the structural model can not be performed so that the econometrician relies on
Indirect Inference. To simulated the structural model, an additional nuisance parameter vector p? is required.
Since we are only interested in a consistent estimator for p!, the importance of finding structural change in
the auxiliary model depends on the impact of instability on the parameter vector of interest. In particular,
instability for the nuisance parameters p? or for overidentifying restrictions without affecting stability of the
parameter vector of interest have no impact on the consistency of the semi-parametric Indirect Inference
estimator. Structural change tests must therefore focus on the parameter vector of interest p'. With our
results, partial structural stability tests for this parameter vector of interest can be constructed and the
asymptotic distribution of exponential mappings is given in Section 3.1.2.

Next, we turn to the EMM estimator, in particular:

Theorem 3.3 For the partial sample Efficient Method of Moments estimators appearing in (2.18), (2.23),
(2.24), under Assumptions A.1,C.1, and D.1 and sequence of the local alternatives (3.3), we have

wVTI 2ma(pF, 0ir(r) = [Bm—%BS(w)—IWJH(ﬂ]

—l 20, [MAT M) T M T [3(1) -

-

B*(1) — Il/QJH(l)]

and for the second subsample

(L= IV g (55 B (7)) = [B(l) - B() - = (B~ B(r*) ~ 27 (1) - H<w>>}

. 1
—rI VM, (MO M, ML [3(1) -

B IV
\/§B (1) =171 2JH(1)]

where H(m) = foﬂ h(n,v,r)dr and B(m) and B*(m) are two q-dimensional vectors of mutually independent

Brownian motions.
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Proof: See Appendix E
Structural change tests can be constructed by replacing I by Ip = (1+ %)IT as shown in the previous

sections. These statistics based on the first subsample estimator are:

. . . . -1 . _ o
Q3 p(m) = T (55, Orr(m)) I /2 (I—l/QMp,T (M, 2T M ] M;,TI—1/2> I ma (55, 01 (7))
and

) . B 3 1 3 - o
S0(x) = T’y (5., 01 () I (Id — 1P My [M;,Tf_lMPxT} M;/LTI_l/Q) Iy (p5, 017 ()

where M, r is a consistent estimator of M,.

The asymptotic distribution of the resulting tests are the same than the one derived above by noting
that (1 +1/8)~*/? |B(r) — %Bs(ﬂ')} is a g-dimensional vector of Brownian motions. The asymptotic
distributions under the null are then given in Proposition 3.1 for the parameter stability and in Proposition
3.2 for stability of overidentifying restrictions.

van der Sluis (1998) proposes similar structural change tests for EMM. However, in contrast to our strat-
egy, the length of the simulated series used to construct the structural change tests in van der Sluis (1998)
is the same for the estimation of the full sample estimator of p and for the evaluation of the moment restric-
tions with the unrestricted estimators éiT(ﬂ'). Such a strategy has an important impact on the asymptotic
distribution as will be shown in the remaining of this section. Suppose that the length of the simulated series
is equal to T'S. The statistic proposes by van der Sluis is based on the following moment restrictions:

1 Ts ) ~
75 2 3 108 [ () 21 (9F), Oirr ().
t=1

for ¢ =1, 2. For the case where the moment restrictions are evaluated at élT(w) which is also obtained with
a simulated path equals to TS, we can show the following result under the null:
TS

VIS Ston S DI Ze R )] = |2 - )

1 S
W

The LM structural change statistic is constructed by projecting the above moment restrictions on the sub-

—17V2M, (M M) T MY {3(1) -

space identifying the parameters. Such a statistic has the usual asymptotic distribution (see Proposition
3.1). This result holds because the nuisance term introduced by simulation (1/v/S)B?*(1) cancels out. How-
ever, the asymptotic distribution of a structural change test for overidentifying restrictions constructed by

projection on the subspace orthogonal to the subspace identifying the parameters is not the same as given
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in Proposition 3.2. In this case, one can show that the asymptotic distribution is function of the following

process:
w2 Bs_, (1) B;_,(1)
S

+ Bq*p(”)/Bq*p(W)-

The quadratic form of Brownian motion given in Proposition 3.2 is augmented by an extra term. This extra
term contains a nuisance parameter that depends on the length of the simulated path, and hence the critical
values depend on S. Consequently, the statistics in van der Sluis (1998) are valid only in the case where
S equals infinity, or would require critical values that need to be computed for various values of S (the

applications in van der Sluis (1998) use S = 3 with S = oo critical values).

4 Tests Exploiting Auxiliary Models

Thus far we examined a set of tests which were introduced to the literature in the context of GMM and SMM
estimation and have their roots in the earlier literature (see e.g. Andrews (1993) for references). We studied
the consequences of having estimation and inference via auxiliary models. The purpose of this section is
to present statistics which are designed to tests for structural breaks and take advantage of the dual model
setup. We cover two types of tests, a first class relates to recent work of Liu and Zhang (1998) on diagnostic
testing of EMM score generators which we show are implicitly tests for structural change. The second class

is based on the simulated score principle.

4.1 Liu and Zhang Tests

The results obtained in Appendix E allow us to examine the specification test in the Efficient Method of
Moments framework proposes by Liu and Zhang (1998). This test is a measure of the overall goodness of fit
of the auxiliary model. The zeta statistic introduced by Liu and Zhang is defined as follows:
19 (L. X T R
=1 (30 ) ) (L 3w
i=1 t=1 i=1 t=1
where s:(07) = 0/001og f (y¢| Zi—1,07). We will see that the zeta statistic is in fact a structural change

statistic test for the parameters of the auxiliary model. Using results derived in this paper, we can show

that the asymptotic distribution of the zeta statistic under the alternative is given by:

!/

12 [/1 BB, (m) — I7Y2J (H(r) — wH(l))} [

i /1 BB, (m) — I7Y2] (H (%) — H(1))

0
where BB(7) is a vector of independent Brownian Bridge of dimension g. The second term in the bracket

shows that the zeta statistic is powerful against a structural change alternative for the parameter vector 6.
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However, this test is not an optimal test of structural change as defined by Andrews and Ploberger (1994)
and Sowell (1996a,b).

4.2 Simulated Score Tests

We introduce a specific structural change test for the Efficient Method of Moments called simulated score
tests. The tests rely on simulated series from a restricted null model of interest. Using the reprojection
arguments of Gallant and Tauchen (1998), we can fit a sieve seminonparametric SNP density to the simulated
data. Under the null, the simulated data should yield a reprojection score generator which is a martingale
difference sequence when applied to the actual sample data.

In the case of structural change tests, the simulated score test consists of evaluating the score for the
actual sample data for a possible breakpoint using the estimator of the auxiliary model for the simulated
data. The first step is to simulate series with the restricted estimator defined in equation (2.18). The second
step is to obtain the estimator of # of the auxiliary model with the simulated series. The score for this second
step is:

. 1L 9 R
sn(07.0x) = % 2 9515 FE (P7)1 251 (p7), On)-
where IV is the length of the simulated series. The third step is to evaluate the score with the data for a

possible breakpoint at the estimator obtained in the second step. The simulated score structural change test

is then based on the following statistic:

Tr
~ S 1

(O (). 7) = 7= > 1o f (] Zur, O (55). (4.9
t=1

where 0 ~(p3) is the estimator of the auxiliary model obtained with simulated series. The next theorem gives

the asymptotic distribution of the statistic defined above.

Theorem 4.1 Under Assumptions A.1, C.1 and D.1 and the alternative (3.3)

VTL Pmi (O (p3),7) = —[B(ﬁ)—]l_l/QJH(ﬁ)}+7r\/—\/;BN(1)

T VAM, (ML M,) T ML [3(1) — %38(1) + I7Y2JH(1)

where H(mw) = [ h(n,v,r)dr and B(r) and BN (w) are two q-dimensional vectors of mutually independent

Brownian motions.

Proof: See Appendix E
Under the null, the asymptotic distribution differs from the one obtained in Theorem 3.3. In particular, it

depends on the length of the simulated series N. However, replacing N by T'S7 for = € II as the length of the
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simulated series results in the asymptotic distribution appearing in Theorem 3.3. This is the same argument
as the one developed in the discussion of the van der Sluis statistic. Using T'S7 as the length for the simulated
series yields asymptotic distributions under the null and under the local alternative that are identical to the
distributions of the test proposes in Section 3.2. Structural change tests can then be constructed by replacing
Ir by fT =(1+ %)IT as shown in the previous sections. The asymptotic distributions of these structural
change tests are given in Proposition 3.1 for the parameter stability and in Proposition 3.2 for the stability
of overidentifying restrictions. Hence, the simulated score tests have the same asymptotic distribution under
the null and the alternative as the the tests appearing in Section 3.2. However, the small sample properties
can differ. In particular, the usual statistics proposed in Section 3.2 are based on the unrestricted estimators
0,7 for + = 1,2. For small or large value of 7w € II, the properties of the unrestricted estimators 6,7 could be
poor since the partial samples used to obtain these estimators are relatively small. This problem does not

occur for the computation of the simulated score test.

5 Conclusions

Estimation procedures involving auxiliary models are more commonly used, particularly in situations where
likelihood-based estimation is infeasible. Many empirical examples can be found in the financial economet-
rics literature, particularly pertaining to the estimation of continuous time processes. Financial markets
experience regular disruptions, sometimes modeled as so called jumps. There may be more fundamental
shifts at work and the tests proposed here would be applicable.

Besides generalizing existing test procedures we also introduced new ones which rely on the dual model
setup. The simulated score tests introduced in the paper can easily be extended to hypotheses other than
structural breaks. As a by product of the paper, we also showed that some recently proposed diagnostic

tests for auxiliary models are de facto tests for structural change, albeit suboptimal ones.
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Appendices

A Technical Assumptions

To simplify the notation, ¥ (y:|Z:—1, x+;0) will be noted ().

A.1 General Assumptions
Assumption A.1 Let us suppose the following assumptions:
o Op — 6% 20 under 0 and 0% is an interior point of ©.7
o sup, . 1ir(7) = 0%|| 2 0 under 6* fori =1,2 and 0* is an interior point of ©.3

o () is twice continuously partially differential in 6 for all 6 € ©* with probability one under 8* where

©* is some neighborhood of 6*.

o The matriz = ZtTﬁl geae/ (0) converges in probability to wJ uniformly over 8 € ©* under 6%, Vr € [0, 1]

for the positive definite matriz J = limp_, o {% thl g:gg, (9*)}

e The conditional variance matriz var (\/% Zthl %(9”1}) converges in probability to w1 uniformly

over 0 € ©* under 0*, Vm € [0, 1] for the positive definite matric I = imp_, o var (% ZtT 1 aw' (9*)|:17t)

which is the conditional variance according to the DGP.
o |[Wp —Wo| 20 and supren||Wir(r) — Wol| 2 0 fori=1,2.

o \/_ZtTT{ 88%( *Y = I'2B(r) — JH(r) under the alternative (3.3) where B(r) is a q-dimensional

vector of standard Brownian motions and H(w fo

B Asymptotic Least Squares Regularity Conditions

Assumption B.1 The following are assumed to hold:
g(0, p) is continuous in 6 and p for all @ € ©* and all p € RO,

e g(0,p) is continuously partially differential in 6 for all 6 € ©*.

"This holds, for example by Theorem 6 of Gallant (1987, Ch. 7) under Assumptions 1-6 of Gallant (1987, Ch. 7) on
Vi (ye|Zi—1,2¢;0). See also Potscher and Prucha (1989), Newey (1991) or Andrews (1992) and Davidson (1994) for alternative

derivations.

8This uniform convergence can be obtained by imposing, for example, Assumptions A in Andrews (1993, p. 845) or

Assumptions in Ghysels, Guay and Hall (1997) on the score of the objective function.
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e g(0,p) is continuously partially differential in p for all p € R°.
o pr—p° L0 under p° and p° is an interior point of R.2

o sup,. . ||pir(m) — p°| & 0 under p° for i = 1,2 and p° is an interior point of R.

C Indirect Inference Regularity Conditions
To simplify the notation, ¥ (y; (p)|Zi—1(p), ) will be noted 7 (6(p)).
Assumption C.1 The following are assumed to hold:
o p3 —p° 20 under po and p° is an interior point of R.1°0
o suprenllpte(m) — p°ll 2 0 under p° for i =1,2 and p° is an interior point of R.

o sup,cq [105(p) — b(p)l| &0 fors=1,....8S.

o 02-(p, ™) converges in probability to b(p) uniformly over m €Il and p € R fors=1,...,5 and i =1,2.

o 7 (0(p)) is twice continuously partially differential in 0 for all 6 € ©* with probability one under
0" = b(p°).

2,8
o The matriz & 1™ 9 ¥

T o101 aaair (0(p)) converges in probability to wJ uniformly over 0 € ©* under 0* = b(p°),

vrel0,1] ands=1,...,8S.

e The conditional variance matriz var (% ZET{] Bg;f (0(p)) |xt) converges in probability to w1 uniformly

over 6 € ©* under 6* = b(p®), Vr € [0,1] and s =1,...,S.

e 05.(p) is continuously partially differentiable in p for all p € RO with probability one under p° for
s=1,...,5.

° 9fT(p, ) is continuously partially differentiable in p for all p € RO and m € I with probability one
under p° fori=1,2 ands=1,...,5.
e b(p) is one-to-one and is continuously partially differentiable in p for all p € RO and is noted by(p).

a0,
op’

o The matriz (p) has full column rank and converges in probability to the full column rank matriz

by(p) uniformly over p e R, fors=1,...,5.

9The uniform convergence of pr and pir(m) can be obtained by assumptions imposed above and under an as-

sumption of identification and imposing that #® is compact (see Gouriéroux, Monfort and Trognon (1985)).
10Uniform convergence for simulated estimators of p and 6 can be obtained under regularity conditions considered in Duffie

and Singleton (1993) and Ghysels and Guay (2003).
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e The matrices 8;57 (p, ™) have full rank column and converge in probability to the full column rank matriz

by(p) uniformly over pe R and w €1Il, i=1,2 ands=1,...,S.
Tr] 0¢;

¢ ﬁZLl] 20
s=1,...,8 with b(p°) = 0

(b(p°)) = IY2B(r)* where B(r)* is a q-dimensional vector of Brownian motions for

D Efficient Method of Moments Regularity Conditions
To simplify the notation % log[f (yi (p)|Z7_1(p), 0)] will be noted % log[f£(0(p))].

Assumption D.1 The following are assumed to hold:
. %bg[fts(@(p))] is continuously partially differential in 0 for all 6 € ©* with probability one under
0 = b(p°).
. % log[f£(0(p))] is continuously partially differential in p for all p € RO with probability one under p°.
o The matriz |—=g tleﬂ 82810c>6g6{'f (9(/)))} converges in probability to wJ uniformly over § € ©* under

0 = b(s), Y € [0,1] where J = limr_.o [_% YT 2ot g+)].

e The matriz 22 (p, éT) has full column rank and converges in probability to M, uniformly over p € R°

ap’
s
Barzl (pO, 9*)

under p° where M, =

e The matrices 8(;2,5 (p,éiT(w)) have full column rank and converge in probability to M, for i = 1,2

uniformly over = € 11 and p € R° under p° where M, = 88";,5 (0%, 0%)
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E Proof of Theorems

E.1 Proof of Theorem 3.1

We need to use the following Lemma to proof the Theorem.

Lemma E.1 Under assumptions 2.1, A.1, B.1 and the alternative hypothesis (3.3), the asymptotic distrib-

ution of the full sample ALS estimator is

VT (pr — po) [G WoG } G WoGoJ T2 [3(1) - I‘1/2JH(1)}

and the asymptotic distributions of the unrestricted M-estimators are:

Il/QJH(Tr):|

™

VT (91T(7r) - 9*) = —J [1/? [B(W) _

and

VT (far(m) = 07) = —J 112 {B“) — B(m) - <11_/7§§ (H(1) - H(w))} |

Proof of Lemma E.1:
First, the asymptotic distribution for the restricted estimator is shown. By the mean value expansion for

the F.O.C. evaluated at éT:

o 9 L 0*) 92
TZ = Z:: Z: a;pée (O —67) +05(1)

where 6 = [0 ... 9@] and §*) = \F)g=(®) 4 (1 - /\(k))égc) for some 0 < A®) < 1and k =1,...,q. Since

61 is consistent for 0%, 6 2 6% and by assumption A.1, the expression above yields:

VT(0p —0%) = Jl\/l_zadjt ) + 0p(1).

By assumption A.1, we also have

1 > u(07) a I'?2B(1) — JH(1)

where H(1) = fol h(r)dr. The asymptotic distribution of the full sample estimator A7 is then given by

VT(fr — 67) & — 1142 [3(1) 12 5H®1)]. (E.1)

The mean value expansion for the restricted ALS estimator is

A~ i ~ /
8 9 3 D N ~ 8 9 9 o *
(%) Wrg(Or,pr) = (%) Wrg(6*, p°)
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~ I
89(9T7ﬁT) 89 N~ A *
+ <T Wr 90’ (0, pr) (07 — 07)

~ /

09(0r, pr) 99 ,» <, 0

| W 0 — 1

+< o Tap,(,p)(p:r p’) +op(1)

where 7' = [pM) ... 5®)] and p*) = A®) p0-*) 4 (1 — X®))5(%) for some 0 < A®) <1and k=1,...,p and
is defined above.

By the fact that the first term of the right hand side is equal to zero, the full sample estimator pr is only

function of the asymptotic distribution of éT. Since éT is consistent for 6*, then 0 L 6% and pr is consistent

for p° then p 2 p°. Under assumptions 2.1, A.1, B.1, the continuous mapping theorem, the consistency of

6 and p, the expression above yields
’ -1 ~
VT (pr — p°) = — [GPWOGP] G WoGoVT (b1 — 6%) + 0,(1).

and by the result (E.1),

, 1
VT (pr — p°) [GPWOGP] G WG T 11/ [3(1) - 1—1/2JH(1)] .
The optimal estimator is obtained with the following weighting matrix

P q—1
ag(eTapT)> ‘| 11

Mjfl(éT)IT(éT)Jfl(éT) < EYL

Wr = Q;l = [ o0’

and
Qr 5 Q=[GeJ ' IT7IGY].

where Jp(6r)= T ;‘F:l %(6‘}) and I (07) is consistent estimator of 1.2

Now, we derive the asymptotic distribution for the unrestricted estimators. By the mean value expansion

for the M-estimators 617 (7) for the first subsample:

1 [Tﬂ]até i 1 [Tﬂatm 1 [Tﬂ]32t§w A "
[T'7] g ‘ (31;( ) - [T'7] g w(?(G ! + [T] ; %9(31; ) (O17(m) — 0") + 0p(1)

where 6, () = [0, (7) ... 6, ()] and 6, () = A®6*® 4 (1 — AEYIE) (1) for some 0 < A®) < 1 and

k=1,...,q. Since 617 (m) is consistent for 6*, 9~1(ﬂ') 2 9* and under assumption A.1, this yields
VT (byr(m) = 07) = —1- VT - SO0 )
1) — - _ op(1).
1T [Tr] & o0 P

11 This expression may exist only with probability — 1. When this expression is singular, a g-inverse can be used in place of

the inverse.
121n pure time series context, a consistent estimator can be obtained using methods developed by Gallant (1987), Andrews

and Monahan (1992), Newey and West (1994) among others. In the general case, the same methods applied, but the score must

be centered around its empirical mean (see Gouriéroux et al. (1993)).
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By the mean value expansion for the M-estimators Oy (m) for the second subsample:

T

1 T Oy (0 (1)) B 1 oY (0*)
T—[Tw]t_[TZ;HlT B T—[T”]t_[TZ;Hl 2
1 T 321/%@2(”)) 5 *
T [Ta t_[Tzﬁ:Hl —opog 02r(m) —0") +0p(1)

where 9~2/(7T) = [ég(l)(ﬂ') . .ég(q) (m)] and ég(k) (m) = AFg=(k) 1 (1 — )\(k))éélr}) () for some 0 < A®) < 1 and

k=1,...,q. By Assumption A.1,
T

1 0% (03(m)) p
T — [T >, g 7
t=[Tr]|+1

using ZtT:[Tﬂ]H = Z;‘ll - g‘:{] Since ap () is consistent for 6%, Gy (m) 2 6*, we then obtain

T *
VT (égT(w) - 9*) = —J—lﬁ%ﬂﬂ t_[Tz,;Hl ‘9%—?) + 0,(1).

By the weak convergence of the score (Assumption A.1), we get

[T'7]

1 O (0%) 1o [ B(m) = I7Y2JH(T)
\/T[TW] ; 20 r { T ]
and
1 — OG(07) g [BO) = B(m) — I7V2 (H(1) — H(m))
VT 7] t_[:%:m o0 1 [ a—n ] '

The asymptotic distribution of the unrestricted M-estimators are then given by:

VT (i) ~07) = e [ )

(E.2)

s

—I7Y27(HQ) - H(w))] '

VT (égT(w) - 9*) = —J 112 [B(l) — B =

Proof of Theorem 3.1:
First, we show the result for the first subsample. We do the mean value expansion for Q;l/ 2g(617 (%), pr)

which yields

20 (62(m),pr) Bur() — 0°)

(Orr(m), p)(pr — p°) + 0p(1)

O P90ir(n), pr) = Q' Pg(0%,00) + g

1/2 dg
dp'

where 6; (w) and p are defined above. By using Lemma E.1 and under assumptions 2.1, A.1 and B.1 with

+Qr

the convergence in probability of Q0 to 2 and the continuous mapping theorem, we obtain that

B(m) — I_l/2JH(7T)]

™

VT Pg(brr(x), pr) = —Q V2Ge V2

+Q712G, (071G, T LT Gy T T [B(l) —I7V2JH(1)| .
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Since Q~Y2GyJ~'IY/?2B(7) is a q-dimensional standard Brownian motions, the result follows. The asymp-

totic distribution for the second sample can be obtained in a similar way.

E.2 Proof of Theorem 3.2
Lemma E.2 Under assumptions 2.1, A.1, C.1 and the alternative (3.3), the asymptotic distribution of the

indirect inference estimator is

~ d —1 _
VT (57 = po) = = [V, (0" ) Wobp(p°)] " b, (0" ) Wo  ~1'/2

1 S
-3 > B(1) - Il/QJH(l)]
s=1

and the asymptotic distributions of the unrestricted simulated M-estimators are:

~ B S
VT (Oir(o°,m) = 0") = _yipe B

s

VT (036", 7) = 0%) = 112 [W]

Proof of Lemma E.2:
Now, we derive the asymptotic distribution of the restricted estimator p°. For the simulated path s, we

have the following mean value expansion for the F.O.C. evaluated at 6 (p%):

oV ( 95 i (0 095 (6°(p°) 5 .
TZ t TZ t TZ 9000’ eT(pO)_o )+OP(1)

where 6% (p°) = [0 (p0) ... 5@ (p%)] and 65 (p0) = AKE)g*(K) (1= AF))§5 M) (0)*) for some 0 < AK)
land k=1,...,q and 0* = b(p°). Under Assumption C.1 and by the consistency of 65.(p°),

. 0
VI(@3(%) ~07) =~ VT Z YO | op).
The asymptotic distribution of érfp (p%) is then given by:
VT(05.(0°) — 0%) & —J 12 B(1)". (E.3)

In contrast to the asymptotic distribution of the estimator 61 obtained with data, the asymptotic distribution
of éST(pO) does not depend on the alternative for obvious reasons. The mean value expansion for the restricted

indirect inference estimator is
I

S N S N S AS
lS Z 89 P 1 Wr [9T - %Z e”fr(ﬁ:%)} = lé Z %i; (PA;)] Wr

+ 0p(1)
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where 5° is defined as in the proof of Lemma E.1 but for the estimator obtained with S simulated paths.

By Assumptions C.1 and the consistency of [)%, this yields:

S
(Op — 0%) — gz:: 05 (p

Using results (E.1) and (E.3), the asymptotic distribution of pﬁ is given by:

1Y —1/2
EZ:: JH(1 )1

The asymptotic distribution depends on the matrix Wy and the number of simulations S. The restricted

VI(55 = po) = [b,(0")Wab,(p%)] " b, (0")Wov/'T +0p(1),

~ d —1 _
VT (57 = po) = = [B,(0"YWobo(p°)] 0, (0" )Wo' 1'/* | B

optimal Indirect Inference estimator is obtained with the following weighting matrix W Logr-1y.13
Now, we derive the asymptotic distribution for the unrestricted estimators. The mean value expansion

of the M-estimators for the first subsample evaluated at 91T(p ) gives

[T'7] A [T7] [T ~
1 I (03, (P°) _ 1 G 1 PYiO°(p°),7) a5, o .
[T7] ; 06 [T ; 06 T ; oog izl m) = 07) +op(1).

where §°(p0, w)" = [05M (00, 7) ... 6@ (0, 7)] and 5 F) (0, 1) = AR G*(F) - (1 — AR))g5:L Ak )(p m) for some
0<A® <1land k=1,...,q and 0" = b(p°). This yields the following expression:

VT (éiT(pO,w) - 9*) =—J _}M Z ‘Wﬁ (9*) 0p(1).

We can obtain the equivalent expression for bor (m) by a similar mean value expansion.

By Assumption C.1, we have the following weak convergence of the score for the first and the second

subsamples:
VT 3 20 pr
" 1 & s 1 BO) = B
ﬁmt_%ﬂ o =

Given the results above, the asymptotic distributions of the unrestricted simulated M-estimators are

respectively:

A e
vT (HTT(PONT) - 9*) = —J*UW%

VT (éST(pO,W) _ 9*) — 112 [W}

Proof of Theorem 3.2:

13

see Gouriéroux et al. (1993).
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By a mean value expansion for the first subsample, we have that:

S
0,2 [élmr) - %Zéfﬂﬁ%ﬂ] = o' [(ém(w) —0) = 5 > () - e*)} -

By Lemma E.1 and E.2, Assumption C.1 and the consistency of ﬁ%, we obtain that:

\/—9—1/2 lefT = ZolT pT, - Y2y-1y1/2

o 1 o o
S
720, () [0,(0")0 0, (0] T B (000 T | BO) — 5 S0 BO) - 1A TH >]
s=1

Since Q~1/2J-11'/2B(x) is a g-dimensional vector of standard Brownian motions, the result follows. The

asymptotic distribution for the second sample is obtained similarly.

E.3 Proof of Theorems 3.3 and 4.1

Lemma E.3 Under assumptions A.1, C.1, D.1 and the alternative hypothesis (3.3), the asymptotic distri-
bution of the full sample EMM estimator is

VT (55— po) % — [M;I’lMp} B M2 [3(1) — —B1)*—I"Y2JHQ1)|.

-

Proof of Lemma E.3:
First, the asymptotic distribution for the restricted estimator is shown. By the mean value expansion for

the F.O.C. evaluated at éT:

1 alogft (0r) 1~ dlog fi(6%) Olog fi(0) » .
Z _Tt; 20 +Tt:1 sooy 10+ ol)

where 6" = [V .. 6(@] and 6® = AX®g=®) 1 (1 — A®))IPF) for some 0 < A®) < 1 and k =1,...,q. By

assumption A.1 and the consistency 9~, the expression above yields:

VT (b7 — 6%) Z mogft D) 4 0(1)

where J = limp_, [—% tT1 88;%geft (9*)} By the last assumption of A.1 and noting that ¢:(-) =

—log f+(+), the asymptotic distribution of the score at the pseudo-true value 6* is:

\/_ Z moga]; - [11/23(1) —JH()]. (E.4)
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The asymptotic distribution of the full sample estimator 07 is then given by
VT(fr — %) & —J-111/2 [3(1) - I‘1/2JH(1)] (E.5)

The mean value expansion of the F.O.C. evaluated at the unrestricted EMM estimator is
~ / ~ !
b S (A4S 0 o S (A4S 0
(LE)’JT’ T)> I mi (5., 6r) = (Léﬁ?’ ) s (.0
P P

+< rn.e )> 17 08 5,60 — 0

oms.(ps., 0 0mE s e,
+< T(gz m) I 5 O )57 = )+ 0 (1)

where %7 = [p5M) . p5@)] and p%*) = XK p0. (k) 4 (1 — XF))55F) for some 0 < A*) <land k=1,...,p
and 6 is defined above.

Under assumptions A.1 and D.1 and the consistency of 6 and p°, this yields
~S " r—1 -1 I r—1 N * S (.0 p*
VT (5 = po) = [MpI M) MyIY [1(6r = 0%) = (0%, 6°)] + 0, (1),

S ~
since 6{;”—97(9@ p3) converge in probability to —J. Now we examine the expression m3(p%, 6*). By definition

VTmi(p°,6%) = \/TTLS i % log[f (7 (0) Z8_1.(p°),607)].
Using the last assumption of C.1 with ¢;(-) = —log f(-), we obtain
VTmS(p°,0%) —%11/23(1)5. (E.6)
By E.5 and E.6, the asymptotic distribution of p3. is then given by:

VT (55— po) % — [M;I_lMp] B M [3(1) — —B(1)* - I"V2JH(1)]|.

1
NG
In the case where S = 0o, the term B(1)® disappears.

Proof of Theorem 3.3:
First, we show the result for the first subsample. We do the mean value expansion for I, Y les (pr,017(m))

which gives

omy - N .
1P m 07, 0°) + I P 2 1 (), ) O () — )

112 m$ (53, ar (7))

omy ~S\ [~
G e (), 757 — %) + 0p(1)
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with 6, () = [0,V (x) ... 6. P (x)] and 6, (1) = A®E® 1 (1 = A®YE (1) for some 0 < A® < 1 and
k=1,...,qand p° is defined above. Let us examine the expression m{ (p°, #*). By definition
[TSﬂ']
VI 0 = VT s 3 g sl 017 (). 0°)
Using the last assumption of C.1 with ¢;(-) = —log f:(+), this yields
ood 1 B(m)*
VTm3 (p°,07) 5 _ﬁzlﬂ (T) . (E.7)
By using Lemma E.1 and E.3, assumptions A.1, D.1, the result E.7 and the consistency of 8; (m) and p°,
we get
1/2 B(r) 1 (B(m)® I=12JH(m)
N e N e
_ _ -1 _ 1 s _
—I7'V2M, (M T M,) ™ M,I /2 [3(1) - \/—§3(1) —I7Y2JH(1)|.

The asymptotic distribution for the second sample can be obtained in a similar way.
Proof of Theorem 4.1:

First, we show the asymptotic distribution of the estimator 6y obtained with the simulated series for 1)
fixed at the restricted estimator p5. The mean value expansion of the score of the auxiliary model evaluated
at éN(ﬁrfﬂ) is given by:

88]\[

R0 = sn(0%,0%) + SR, 550w )~ 0°)
S 0,555 — )+ oy 1)

with 6(p°) = [0 (p°)... 0@ (p%)] and *) (p0) = XFg=(F) 4 (1 — A(’“))ég\]f) (p°) for some 0 < A®) < 1 and
k=1,...,q,0* =b(p°) and p° defined above. By the asymptotic distribution of the restricted estimator p3.

given in Lemma E.3, assumptions A.1, D.1, result E.6 and the consistency of 6 and p°, we obtain that

N N _
VN (p5) —67) 2 —J111/2B<1>5—%“MP(M;11MP) M,

L
NE

The mean value expansion of the score evaluated at 6y for the data under the alternative for the first

B(1) — —=B(1)* —I7Y2JH(1)]| . (E.8)

subsample is

1/2 omy

I O (p7),m) = 122wt (07, m) + 172

(8, m) (O (57) — 67) + 0p(1).

with obvious notation for 6. By definition

(T

VIS (0" 7) = VT Y g toelf () Z11.6°)
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and using the last assumption of A.1 with ¢;(-) = —log f:(-), this yields

VTms (0%, 7) = — (IWB(”) = JHW) . (E.9)

™

By the asymptotic distribution of the éN(pAg) derived above, Assumptions A.1 and D.1, result E.9 and

the consistency of 6, we obtain under the alternative that

T Pmy Oy (55),7) = — [B(w) - 1*1/2JH(7T)} +W%B(1)s

I 2M, (M M)~ M, 174/ [Bﬂ) = =B = ITRIH))

-
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