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Abstract

Simulation-based estimation methods have become more widely used in recent years. We pro-
pose a set of tests for structural change in models estimated via simulated method of moments
(see Du*e and Singleton (Econometrica 61 (1993) 929). These tests extend the work of An-
drews (Econometrica 61 (1993) 821), Ghysels et al. (J. Econom. 82 (1997) 209) and Sowell
(Econometrica 64 (1996) 1085; Tests for Violation of Moment Conditions, Manuscript, Gradu-
ate School of Industrial Administration, Carnegie mellon University) which covered generalized
method of moments estimators not involving simulation. We derive the asymptotic distributions
of various tests. We show that the number of simulations does not a*ect the asymptotic distribu-
tion under the null but adversely in9uences local asymptotic power. A Monte-Carlo investigation
of the :nite sample size and power reveals that a relatively small number of simulations su;ces
to obtain tests with desirable small sample size and power properties.
c© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

The steady increase in computational speed of computers has enhanced the practical
use of simulation-based estimators in econometrics. There is now a well-established
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asymptotic distribution theory for a large variety of procedures, including the simulated
method of moments estimator (henceforth SMM) which is the focus of our paper.
Du;e and Singleton (1993) extended the generalized method of moments procedure
(henceforth GMM) of Hansen (1982) and developed the asymptotic properties of the
SMM estimation procedure in the context of dynamic econometric time-series models.
They show that

√
T (�̂ST −�0) is asymptotically normal with covariance matrix identical

to the GMM estimator but scaled by (1 + 1=S) where S is the number of simulations
and �0 the parameter vector of interest. 1 Hence, the asymptotic distributions of SMM
and GMM estimators coincide when the number of simulations tends to in:nity, since
all simulation uncertainty evaporates.
The scope of this paper is to shed light on distribution as T → ∞ and S :xed,

for structural change tests. Several tests for structural change with presumed break-
point unknown already exist for GMM, see in particular Andrews (1993), Andrews
and Ploberger (1994), Sowell (1996a, b), Guay (2003), Ghysels et al. (1997) and Hall
and Sen (1999). We study several tests for structural change with unknown break-
point when SMM instead of GMM estimators are involved. The design of the tests
is based on the optimality principles of local asymptotic power discussed by Andrews
and Ploberger (1994), Sowell (1996a), Guay (2003) and Hall and Sen (1999). While
the asymptotic distributions of the partial-sample SMM estimators depend on S, we
show that the asymptotic distributions of tests for structural change, which are func-
tions of the partial-sample SMM estimators, are nuisance parameter free under the
null. Hence, all the tests we propose have the same asymptotic distributions under
the null of no structural change, with S :nite, as their GMM counterpart with critical
values tabulated in Andrews (1993), Andrews and Ploberger (1994), Sowell (1996a),
Guay (2003) and Ghysels et al. (1997). Under local alternatives, the asymptotic dis-
tribution depends on the number of simulations S. We study the impact of the num-
ber of simulations on the small sample properties of tests for structural change. A
Monte-Carlo investigation of the :nite sample size and power reveals that simulation
uncertainty does a*ect the properties of tests. Nevertheless, a relatively small number
of simulations is su;cient to obtain tests with desirable small sample size and power
properties.
In Section 2 we :x notation and discuss the regularity conditions required to establish

several large sample properties of SMM estimators which are used in the derivations
of the asymptotic distribution of the tests. Section 3 is devoted to testing for structural
change. The null hypothesis and the test statistics are formally de:ned and the main
results of the paper, namely the asymptotic distributions of the tests, are presented. In
Section 4, we report the results of a Monte-Carlo study of the :nite sample properties
of the tests. Section 5 concludes the paper.

1 The relatively simple scaling factor re9ecting simulation uncertainty, is not shared by all asymptotic
results. Complex speci:cation tests may result in nontrivial in9uences of simulation uncertainty (see for
example, the consistency tests appearing in Appendix 3 of GouriFeroux et al., 1993).
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2. Models and simulations

Laroque and Selanie (1989), Ingram and Lee (1991), Du;e and Singleton (1993),
GouriFeroux et al. (1993), Smith (1993), Gallant and Tauchen (1996), GouriFeroux
and Monfort (1996) and Dridi and Renault (2000) provide extensive coverage of
simulation-based methods. Simulation-based procedures are often the key to feasi-
ble estimation in various nonlinear dynamic models. In such applications one often
wants to test whether the parametric econometric model is invariant through time.
These tests either emerge naturally in the context of the model or else can be used
as overall diagnostic tests. An example of the former is the estimation of stochastic
volatility models, which involve simulation-based estimation procedures (see Ghysels
et al., 1996 for a review). van der Sluis (1998, 1999) discusses several applications
involving :nancial market data. He studies foreign exchange markets and examines
major events like the British pound leaving the European exchange rate mechanism,
in addition he also examines stock return data and considers the stability of stochastic
volatility models during the October 1987 stock market crash era. It is of interest to
note that several papers examining exchange rate target zone models involve SMM
estimators and could also be considered, examples include de Jong (1994), Jorgensen
and Mikkelsen (1991) and Iannizzotto and Taylor (1999). Many other examples can
be found in the literature on estimating continuous time asset pricing models. Tests
for structural change are obviously also important for the estimation of structural mod-
els, typically found in macro and other areas. Prominent examples of such models
which require a simulation-based approach include Foster and Viswanathan (1995),
who derive a speculative trading model with endogenous informed trading that yields
a conditionally heteroskedastic time series for trading volume and the squared price
changes. On a very di*erent topic Asea and Turnovsky (1998) study how capital in-
come taxes a*ect household portfolio choice and growth. The authors approach this
question within the context of a structural stochastic model of a small open econ-
omy. Similarly Hairault et al. (1997) study a structural model of time to implement
and aggregate 9uctuations. These are examples of model building inspired by the Lucas
critique which prompts questions about testing for structural change pertaining to policy
invariance.
To establish the asymptotic distribution theory of tests for structural change we

need to de:ne :rst the class of data generating processes we can simulate, how
to simulate them and how to de:ne SMM estimators on (sub)samples of data. In
the :rst section we present the class of data generating processes. The next sec-
tion covers assumptions and de:nitions and the :nal section establishes asymptotic
properties of partial-sample SMM estimators. Before dealing with these issues we
need to elaborate brie9y on the speci:cation of the parameter vector in our generic
setup. We will consider parametric models indexed by parameters (�; �) where �∈B,
with B ⊂ Rr and �∈� ⊂ Rs. Following Andrews (1993) we make a distinction
between pure structural change when no subvector � appears and the entire
parameter vector is subject to structural change under the alternative and partial struc-
tural change which corresponds to cases where only a subvector � is subject to
structural change under the alternative. The generic null can be written as
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follows:

H0 : �t = �0 ∀t = 1; : : : ; T: (2.1)

The majority of tests we will consider assume as alternative that at some point in the
sample there is a single structural break, like for instance,

�t =

{
�10 t = 1; : : : ; [�T ];

�20 t = [�T ] + 1; : : : ; T;

where � determines the fraction of the sample before and after the assumed break point
and [:] denotes the greatest integer function. The separation [T�] represents a possible
breakpoint which is governed by an unknown parameter �. Hence, we will consider a
setup with a parameter vector which encompasses any kind of partial or pure structural
change involving a single breakpoint. In particular, we consider a p-dimensional para-
meter vector � = (�′1; �

′
2; �

′)′ where �1 and �2 ∈B ⊂ Rr and �∈�= B × B × � ⊂ Rp

where p=2r+ �. The parameters �1 and �2 apply to the samples before and after the
presumed breakpoint and the null implies that

H0 : �10 = �20 = �0: (2.2)

We will formulate all our models in terms of �. Special cases could be considered
whenever restrictions are imposed in the general parametric formulation. One such
restriction would be that �0 = (�′0; �

′
0)

′, which would correspond to the null of a pure
structural change hypothesis. Once we have de:ned the moment conditions we will
also translate this into over-identifying restrictions and relate it to structural change
tests, following the analysis of Sowell (1996b) and Hall and Sen (1999).

2.1. The data generating process

We consider a process of endogenous observable variables yt which is generated by
the following dynamic model:

yt = H (yt−1; ut ; �0);

ut = G(ut−1; �t ; �0); (2.3)

where �0 is the presumed value of the p × 1 parameter vector and ut and �t are
unobservable processes. 2 Since we consider simulation-based inference it is assumed
that �t is a process of disturbances with a known density. The processes yt , ut and �t
can either be univariate or multivariate. For the moment we will not be very speci:c
about the conditions we need to impose on yt and ut . We assume however that we
have a sample of observations t=1; : : : ; T for yt . Under (2.3), one can simulate values

2 It should be noted that in Eq. (2.3) we assume that no exogenous variable as in Du;e and Singleton
(1993). The proofs of the theorems in this paper would need to be modi:ed to accommodate the fact that
zt = (xt ; yt), where xt are exogenous variables, and its simulated counterpart zst = (xt ; yst ) are no longer
independent as they share the common exogenous process. The results in this paper can be extended to
deal with DGPs that include exogenous processes at a cost of complications that do not change the main
asymptotic results we present.
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of yt given initial values for y0 and u0 and the parameter vector �0. This is done
by drawing simulated values �st from the known density. Simulating processes in the
presence of breaks needs to be discussed more carefully as it involves some issues
which are not typically addressed in the literature. We noted that �=(�′1; �

′
2; �

′)′ where
the parameters �1 and �2 apply to the samples before and after the presumed breakpoint.
It might therefore be more convenient to rewrite (2.3) as

yt = H (yt−1; ut ; �1; �) t = 1; : : : ; [�T ]; (2.4)

ut = G(ut−1; �t ; �1; �) t = 1; : : : ; [�T ] (2.5)

and

yt = H (yt−1; ut ; �2; �) t = [�T ] + 1; : : : ; T; (2.6)

ut = G(ut−1; �t ; �2; �) t = [�T ] + 1; : : : ; T: (2.7)

For a DGP without exogenous variables two simulation schemes are possible. Given
S draws of {�st}Tt=1, with s=1; : : : ; S; and a given � we can obtain {ust}Tt=1 and {yst }Tt=1
by (2.4) and (2.6). Note that the starting value for the post-break data is y[�T ] and
is therefore also generated endogenously (under the pre-break regime). The SMM es-
timator involves moment conditions which are function of zt = {yt; �t ; ut}Tt=1 and of
the simulated process zst (�) = {yst (�); �st ; ust (�)}Tt=1.

3 Alternatively by drawing {�st}TSt=1,
for a :xed S, we can obtain a simulated path of {ust (�)}[TS�]t=1 and {yst (�)}[TS�]t=1 before
the considered breakpoint for a given �1; � and a simulated path of {ust (�)}TS[TS�]+1 and
{yst (�)}TS[TS�]+1 after the breakpoint for a given �2; �. 4 In the remainder of the paper we
consider the :rst scheme, i.e. drawing S simulated paths, while the asymptotic results
derived in the paper also hold for a draw of a single simulated path of TS values.
Let us de:ne

k(zt ; �) = m(zt)− E�m(zt); (2.8)

where m is an Rq-valued function of moment conditions and � is an element of the
parameter space � ⊂ Rp where q¿p. For simplicity we denote k(zt ; �) as kt(�). The
method of moments estimator of �0 is based on the following argument:

Ekt(�0) = 0: (2.9)

A sample equivalent in simulated context can be written as follows:

fST (�) =
1
T

T∑
t=1

(
m(zt)− 1

S

S∑
s=1

m(zst (�); �)

)
; (2.10)

where S is the number of simulations.

3 It will be assumed that the observed and the simulated processes are given by two triangular arrays of
random vectors zTt and zsTt (see Assumption A.2 in Appendix A and Section 2.2). For notational simplicity
zt and zst refer to zTt and zsTt , respectively.

4 It important to note that this alternative is not possible for a DGP containing exogenous variables.
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2.2. Assumptions and de#nitions

We need to impose restrictions on the admissible class of functions and processes
involved in estimation to guarantee well-behaved asymptotic properties of SMM esti-
mators using the entire data sample or subsamples of observations. We discuss a set
of regularity conditions required to obtain weak convergence of partial-sample SMM
estimators to a function of Brownian motions. To streamline the presentation we only
summarize the assumptions and provide a detailed description of them in Appendix A.
We :rst de:ne the standard SMM estimator introduced by Du;e and Singleton (1993)
using the full sample data.

De�nition 2.1. The full sample SMM estimator {�̃ST} is a sequence of random vectors
such that

�̃ST =Argmin� f
S
T (�)

′Ŵ TfST (�);

where Ŵ T is a random positive de:nite symmetric q× q matrix.

The optimal weighting matrix W is de:ned to be the inverse of (1 + 1=S) where

 = lim
T→∞

Var

(
1√
T

T∑
t=1

[m(zt)− Em(zt)]
)
:

As mentioned by Du;e and Singleton (1993), the matrix  depends neither on � and
on the simulated moments. The optimal weighting matrix can be estimated consistently
using methods developed by Gallant (1987), Andrews and Monahan (1992), Newey and
West (1994), among several others (see also Du;e and Singleton, 1993; GouriFeroux
and Monfort, 1996 for a discussion in the context of SMM).
Several tests for structural change also involve partial-sample SMM estimators similar

to the partial-sample GMM estimators de:ned by Andrews (1993). We consider again
the two subsamples, the :rst based on observations t = 1; : : : ; [T�] and the second
covering t = [T�] + 1; : : : ; T where �∈! ⊂ (0; 1). The partial-sample SMM estimators
for �∈! based on the :rst and the second subsamples are formally de:ned as

De�nition 2.2. A partial-sample SMM estimator {�̂ST (�)} is a sequence of random
vectors such that

�̂ST (�) = Argmin� PfST (�; �)
′Ŵ T (�) PfST (�; �)

for all �∈!, where

PfST (�; �) =

[
fS1T (�; �)

fS2T (�; �)

]
;

fS1T (�; �) =
1
T

[T�]∑
t=1

(
m(zt)− 1

S

S∑
s=1

m(zst (�1; �); �1; �)

)
;
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fS2T (�; �) =
1
T

T∑
t=[T�]+1

(
m(zt)− 1

S

S∑
s=1

m(zst (�2; �); �2; �)

)

and Ŵ T (�) is a random positive de:nite symmetric 2q× 2q matrix.

The partial-sample optimal weighting matrix is de:ned as the inverse of (1+1=S) (�)
where

 (�) = lim
T→∞

Var




1√
T




[T�]∑
t=1

(m(zt)− Em(zt))

T∑
t=[T�]+1

(m(zt)− Em(zt))





 ;

which under null (2.2) is asymptotically equal to

 (�) =

[
� 0

0 (1− �) 

]
:

Du;e and Singleton (1993) mention two reasons why the GMM regularity condi-
tions cannot be used to show the convergence of SMM estimators. First, the initial
conditions of the time-series processes are in general not drawn from their stationary
distribution which results in a local nonstationarity of the simulated process. Second,
the :rst moment continuity assumption used by Hansen (1982) and Andrews (1987)
is not su;cient to establish the uniform convergence of the sample criterion func-
tion to its population equivalent. Indeed, this continuity is not valid for data generated
by simulations which depend on the unknown parameter vector. Du;e and Singleton
(1993), and more recently Carrasco et al. (1999), rely on a notion of geometric er-
godicity to establish strong laws of large numbers. In the context of nonlinear models,
Gallant (1987), Gallant and White (1988), Andrews (1993) and many others adopt
the notion of near epoch dependence (on a strong mixing base as de:ned more rig-
orously in Appendix A). 5 More recent papers involving simulation-based estimation
have maintained the notion of near epoch dependence (see Gallant and Tauchen, 1996
for a discussion on this). Therefore, we deviate from Du;e and Singleton and assume
that observed and simulated series are near epoch dependent, a condition also used by
Andrews (1993) in the context of tests for structural change which can accommodate
local nonstationarity. This is covered by Assumption A.2. Note that under the null of
no structural change, geometric ergodicity as supposed by Du;e and Singleton (1993),
implies near epoch dependence.
We also need to impose a number of regularity conditions which do not appear

in Andrews (1993) or the more recent work on structural change tests for GMM

5 Related forms of temporal dependence appear in the work of Billingsley (1968), McLeish (1975a,b),
Bierens (1981).
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estimators. In the simulated case, the moment conditions m(zst (�); �) depends on �
not only directly, but indirectly through the dependence of zst (�). To circumvent this
di;culty, we need to impose a global Lipschitz condition on moment conditions and
their total derivatives with respect to the parameter vector in order to obtain uniform
convergence. The global Lipschitz condition was also used by Du;e and Singleton
(1993), and results in modi:cations of Andrews (1993) to establish the asymptotic
distribution of structural change tests. This condition appears in Assumptions A.3 and
A.5 and is a su;cient condition for stochastic equicontinuity of a triangular array of
a random vector. 6 Finally, we also impose standard identi:cation assumptions and
restrict the parameter space to be compact.

2.3. Asymptotic properties of partial sample SMM estimators

We present two theorems in this section which establish the large sample properties
of the partial sample SMM estimators under the null hypothesis. The :rst theorem
establishes consistency whereas the second characterizes the asymptotic distribution.

Theorem 1. Under Assumptions A.1–A.3, the partial sample SMM estimators �̂ST (�)
satis#es sup�∈!‖�̂ST (�)− �0‖

p→0 for some �0 in the interior of �.

Proof. See Appendix B.

To characterize the asymptotic distribution we de:ne the following matrices:

F� = lim
T→∞

1
T

T∑
t=1

E9m(zst (�0; �0); �0; �0)=9�′ ∈Rq×r ;

F� = lim
T→∞

1
T

T∑
t=1

E9m(zst (�0; �0); �0; �0)=9�′ ∈Rq×�;

F(�) =

[
�F� 0 �F�

0 (1− �)F� (1− �)F�

]
∈R2q×(2r+�):

We denote {B(�): �∈ [0; 1]} as a q-dimensional vector of standard Brownian motion
on [0; 1] and de:ne

G(S; �) =
(
1 +

1
S

)1=2
[

 1=2B(�)

 1=2(B(1)− B(�))

]
;

where B(�) is a q-dimensional vector of standard Brownian motion.

6 As noted by Andrews (1992), stochastic equicontinuity (strong or in probability) is a necessary and
su;cient condition to go from pointwise to uniform convergence (strong or in probability).
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Theorem 2. Under null (2.2) of no structural change and Assumptions A.1–A.5, for
a #xed S, any sequence of partial sample SMM estimators {�̂ST (·): T¿ 1} satis#es

√
T (�̂ST (·)− �0) ⇒ (F(·)′W (·)F(·))−1F(·)′W (·)G(S; ·)

as a process indexed by �∈!, provided ! has a closure in (0; 1).

Proof. See Appendix B.

It should be noted that the asymptotic distribution of the partial sample SMM es-
timators depends on a nuisance parameter, namely the number of simulations S and
yields a process indexed by �∈!, the latter being a nuisance parameter encountered
in the context of GMM partial sample estimators as well. As S → ∞, the asymptotic
distribution coincides with the GMM partial sample estimators discussed in Andrews
(1993). However, in practice, the number of simulations S is :xed and usually low.
Fortunately, although the asymptotic distribution of the partial sample SMM estimators
depends on S, we will see that the asymptotic distribution of the test statistics for
structural change is independent of S under the null, and hence is nuisance parameter
free once we deal with �.

3. Structural change test statistics

The purpose of this section is to re:ne the null hypothesis. Such a re:nement will
enable us to construct various tests for structural change in the spirit of Sowell (1993,
1996a) and Hall and Sen (1999). In a :rst subsection we re:ne the null hypothesis, a
second section is devoted to tests for parameter constancy, a :nal section covers tests
for stability of over-identifying restrictions.

3.1. Re#ning the null hypothesis

The moment conditions for the full sample under the null can be written as Ekt(�0)=
0; ∀t = 1; : : : ; T . Following Sowell (1993, 1996a), we can project the moment condi-
tions on the subspace identifying the parameters and the subspace of over-identifying
restrictions. In particular, considering the (standardized) moment conditions for the full
sample SMM estimator, such a decomposition corresponds to

 −1=2Ekt(�0) = PF −1=2Ekt(�0) + (Iq − PF) −1=2Ekt(�0);

where PF =  −1=2F[F ′ −1F]−1F ′ −1=2. The :rst term is the projection identifying
the parameter vector and the second term is the projection for the over-identifying
restrictions. The projection argument enables us to re:ne the null hypothesis (2.2). For
instance, following Hall and Sen (1999) we can consider the null, for the case of a
possible single breakpoint, which separates the identifying restrictions across the two
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subsamples:

HI0(�) =

{
PF −1=2E[kt(�0)] = 0 ∀t = 1; : : : ; [T�];

PF −1=2E[kt(�0)] = 0 ∀t = [T�] + 1; : : : ; T:

Moreover, the overidentifying restrictions are stable if they hold before and after the
possible breakpoint. This is formally stated as HO0 (�) = HO10 (�) ∩ HO20 (�) with

HO10 (�) : (Iq − PF) −1=2E[kt(�0)] = 0 ∀t = 1; : : : ; [T�];

HO20 (�) : (Iq − PF) −1=2E[kt(�0)] = 0 ∀t = [T�] + 1; : : : ; T:

The projection reveals that instability must be a result of a violation of at least one
of the three hypotheses: HI0(�);H

O1
0 (�) or HO20 (�). Various tests can be constructed

with local power properties against any particular one of these three null hypotheses
(and typically no power against the others). To elaborate further on this we consider
a sequence of local alternatives based on the moment conditions:

Assumption 3.1. A sequence of local alternatives is speci:ed as

Ekt(�0) = h
(
'; (;

t
T

)/√
T ; (3.1)

where h('; (; �), for �∈ [0; 1], is a q-dimensional function. The parameter ( locates
structural changes as a fraction of the sample size and the vector ' de:nes the local
alternatives. 7 These local alternatives are chosen to show that the structural change tests
presented in this paper have nontrivial power against a large class of alternatives. Also,
our asymptotic results can be compared with Sowell’s results for GMM framework.
The following theorem, which extends Theorem 1 of Sowell (1996a), provides the
asymptotic distribution of the moment condition for the partial-sample SMM under the
general sequence of local alternatives appearing in Assumption 3.1.

Theorem 3. Let Assumptions A.1–A.5 and Assumption 3.1 hold, then

√
T PfST (�0; �) ⇒




(
1 +

1
S

)1=2

 1=2B(�) + H (�)

(
1 +

1
S

)1=2

 1=2(B(1)− B(�)) + (H (1)− H (�))


 ;

where H (�) =
∫ �
0 h('; (; u) du and B(�) is a q-dimensional vectors of standard

Brownian motion and PfST (�0; �) is de#ned in De#nition 2.2.

7 The function h(·) allows for a wide range of alternative hypotheses (see Sowell, 1996a). In its
generic form it can be expressed as the uniform limit of step functions, '∈Ri , (∈Rj such that
0¡(1¡(2¡ · · ·¡(j ¡ 1 and � ∗ is in the interior of �. Therefore, it can accommodate multiple breaks.
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Proof. See Appendix B.

3.2. Tests for parameter constancy

In this section, we introduce several tests for structural change for parameter stability
and establish their asymptotic distribution. The null hypothesis is (2.2), or more pre-
cisely HI0(�): We present Wald, Lagrange multiplier and likelihood ratio-type statistics.
Predictive tests will be discussed in the next section. For brevity, we consider only test
statistics based on the optimal weighting matrix. The results obtained are valid under
an arbitrary weighting matrix. The :rst is the Wald statistic which is given by

WaldST (�) = T (�̂
S
1T (�)− �̂S2T (�))′(V̂  (�))−1(�̂S1T (�)− �̂S2T (�));

where (V̂  (�))=(V̂ 1(�)=�+V̂ 2(�)=(1−�)) and V̂ j(�)=(1+1=S)(F̂�j (�)
′ ̂−1

j (�)F̂�j (�))
−1

for j = 1; 2. When j = 1, the estimators of F� and  are obtained with data from the
:rst part of the sample t=1; : : : ; [T�] while for j=2, the estimators are obtained with
data from the remainder of the sample t = [T�] + 1; : : : ; T . As discussed in Section 2,
we proceed with simulations for each subsample, a process which may be prohibitively
expensive in terms of computer time, a reason why the Wald-type test may not be the
most appealing in this context.
The Lagrange multiplier statistic does not involve estimators obtained from subsam-

ples, rather it relies on full sample parameter estimates. More precisely, the LMS
T (�)

statistic is based on the :rst-order conditions for the partial sample SMM estimators
evaluated at the full sample estimator:

LMS
T (�) = c

S
T (�)

′(V̂ 1(�)=�+ V̂ 2(�)=(1− �))−1cST (�);

where

cST (�) = L

[ 1
� Ĝ1(�) 0

0 1
(1−�) Ĝ2(�)

]√
T PfST (�̃

S
T ; �);

L=[Ip;−Ip], and Ĝj(�)= ((F̂�j (�))
′ ̂−1

j (�)F̂�j (�))
−1(F̂�j (�))

′ ̂−1
j (�). Note that F̂�j (�)

and  ̂−1
j (�) are now matrices evaluated at the restricted full sample SMM estimator

computed over the :rst and the second subsamples. Andrews (1993) shows that the
LMS

T (�) simpli:es to

T
�(1− �)

(
1 +

1
S

)−1

fS1T (�̃
S
T )

′ ̂−1F̂�[(F̂�)′ ̂−1F̂�]−1(F̂�)′ ̂−1fS1T (�̃
S
T );

where

fS1T (�̃
S
T ) =

1
T

[T�]∑
t=1

(
m(zTt)− 1

S

S∑
s=1

m(zsTt(�̃; �̃); �̃; �̃)

)
:
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Thus, the LMS
T (�) corresponds to the projection of the moment conditions evaluated

at the full sample estimator on the subspace identifying the parameter vector �.
The LR-type statistic is de:ned as the di*erence between the objective function for

the partial sample SMM evaluated at the full sample estimator and at the partial sample
estimators:

LRST (�) = T
(
1 +

1
S

)−1 (
PfST (�̃

S
T ; �)

′ ̂−1
T (�) PfST (�̃

S
T ; �)

− PfST (�̂
S
T (�); �)

′ ̂−1
T (�) PfST (�̂

S
T (�); �)

)
:

We state now the main theorem which establishes the asymptotic distribution of the
Wald, LM and LR-type test statistics under the local alternative (3.1).

Theorem 4. Under the null hypothesis H0 in (2.2) and Assumptions A.1–A.5, the
following processes indexed by � for a given set ! whose closure lies in (0; 1) satisfy

WaldST (�) ⇒ Qr(�); LMS
T (�) ⇒ Qr(�); LRST (�) ⇒ Qr(�)

with

Qr(�) =
BBr(�)′BBr(�)
�(1− �)

and under alternative (3.1)

Qr(�) =
BBr(�)′BBr(�)
�(1− �)

+
(
1 +

1
S

)−1 (H (�)− �H (1))′ −1=2PF� −1=2(H (�)− �H (1))
�(1− �) ;

where BBr(�) = Br(�) − �Br(1) is a Brownian bridge, Br is r-vector of independent
Brownian motions and PF� =  −1=2F�[(F�)′ −1F�]−1(F�)′ −1=2.

Proof. See Appendix B.

The result in Theorem 4 tells us that the asymptotic distributions under the null
of the Wald, LR-type and LM statistics are the same as those obtained by Andrews
(1993) for the GMM estimator. Note that this implies that the asymptotic distribution
of these statistics does not depend on S. Under the alternative, the asymptotic power
depends on the number of simulations. A small number of simulation paths implies
less asymptotic power re9ected by the term (1 + 1=S)−1.

When � is unknown, i.e. the case of unknown breakpoint, we can use the above result
to construct statistics across �∈!. In the context of maximum likelihood estimation,
Andrews and Ploberger (1994) derive asymptotic optimal tests for a Gaussian a priori
of the amplitude of the structural change based on the Neyman–Pearson approach which
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are characterized by an average exponential form. The Sowell (1996a) optimal tests are
a generalization of the Andrews and Ploberger approach to the case of two measures
that do not admit densities. The most powerful test is given by the Radon–Nikodym
derivative of the probability measure implied by the local alternative with respect to
the probability measure implied by the null hypothesis.
The optimal average exponential form is the following:

Exp− QST = (1 + c)−r=2
∫

exp
(
1
2

c
1 + c

QST (�)
)

dJ (�);

where various choices of c determine power against close or more distant alternatives
and J (·) is the weight function over the value of �∈!. In the case of close alternatives
(c = 0), the optimal test statistic takes the average form

aveQ S
T =

∫
!
Q S
T (�) d J (�):

For a distant alternative (c=∞), the optimal test statistics takes the exponential form

expQ S
T = log

(∫
!
exp

[
1
2
Q S
T (�)

]
d J (�)

)
:

The supremum form often used in the literature corresponds to the case where c=(1 +
c) → ∞. The sup test is

supQ S
T = sup

�∈!
Q S
T (�):

The following theorem gives the asymptotic distribution for the exponential mapping
for Q S

T when Q S
T corresponds to the Wald, LM and LR ratio-type tests under the

null.

Theorem 5. Under the null hypothesis H0 in (2.2) and Assumptions A.1–A.5, the
following processes indexed by � for a given set ! whose closure lies in (0,1)
satisfy

supQ S
T ⇒ sup

�∈!
Qr(�); aveQ S

T (�) ⇒
∫
!
Qr(�) dJ (�);

expQ S
T ⇒ log

(∫
!
exp[

1
2
Qr(�)] dJ (�)

)

with

Qr(�) =
BBr(�)′BBr(�)
�(1− �) :

This result is obtained through the application of the continuous mapping theorem
(see Pollard, 1984).
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This implies that we can rely on the critical values tabulated for the case of GMM-
based tests in the context of SMM estimators. For example the critical values for the
statistics de:ned by the supremum over all breakpoints �∈! of Wald ST (�), LM

S
T (�)

or LR S
T (�) can be found in the original paper by Andrews (1993). The same is true

for the Sowell (1996a) and Andrews and Ploberger (1994) asymptotic optimal tests.

3.3. Tests for stability of over-identifying restrictions

Tests presented in the preceeding section are based on the projection of the moment
conditions on the subspace of identifying restrictions. In this section, we are interested
by test against violations of HO10 (�) or HO20 (�). The local alternatives are given by
the projection of the moment condition on the subspace orthogonal to the identifying
restrictions. For instance, in the case of a single breakpoint, the local alternatives by
Assumption 3.1 correspond to: 8

HO1A (�) : (Iq − PF) −1=2E[kt(�0)] = (Iq − PF) −1=2 '1√
T

t = 1; : : : ; [T�];

HO2A (�) : (Iq − PF) −1=2E[kt(�0)] = (Iq − PF) −1=2 '2√
T

t = [T�] + 1; : : : ; T:

Sowell (1996b) introduces optimal tests for the violation of the over-identifying
restrictions when the violation occurs before the breakpoint corresponding to the al-
ternative HO1A . The statistic is based on the projection of the partial sum of the full
sample estimator on the appropriated subspace. Hall and Sen (1999) introduce optimal
test for the case where the violation occurs after the breakpoint i.e. HO1A . The statistic
is based on the projection of the backward partial sum of the full sample estimator on
the appropriated subspace.
The next theorem gives the asymptotic distribution of the partial sum of the full

sample estimator for the general local alternatives (Assumption 3.1). With this re-
sult, we can obtain the asymptotic distribution for optimal tests for the stability of
over-identifying restrictions. The asymptotic distributions are the same than derived by
Sowell and Hall and Sen under the null but depend on the number of simulated paths
under the alternative.

Theorem 6. Under Assumptions A.1–A.5 and Assumption 3.1, then

√
Tf S

1T (�̃
S
T )⇒

(
1 +

1
S

)1=2

 1=2B(�) + H (�)

−�F(F ′WF)−1F ′W

[(
1 +

1
S

)1=2

 1=2B(1) + H (1)

]
;

where B(�) is a q-dimensional vectors of mutually independent Brownian motion and
f S
1T (·) and  are de#ned in Section 2.

8 In the notation of Assumption 3.1 this case corresponds to ( = �.
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The statistic for the violation of over-identifying restriction before the breakpoint is

Sow S
T (�̃

S
T ; �) = f

S
1T (�̃

S
T ; �);

where f S
1T (·) is de:ned in De:nition 2.2 and �̃ ST is the full sample estimator. The

statistic for the violation of over-identi:cation after the breakpoint is

HS St;T (�̃
S
T ; �) = f

S
2T (�̃

S
T ; �);

where f S
2T (·) is de:ned in De:nition 2.2. The statistic test for the stability of over-

identifying restrictions consists in the projection of  −1=2Sow S
t;T and  −1=2HS St;T on the

subspace orthogonal to the subspace identifying the parameter vector: (Iq−PF). Thus,
these statistic tests are

T
(
1 +

1
S

)−1

Sow S
T (�̃

S
T ; �)

′ −1=2(I − PF) −1=2Sow S
T (�̃

S
T ; �); (3.2)

T
(
1 +

1
S

)−1

HS St;T (�̃
S
T ; �)

′ −1=2(I − PF) −1=2HS St;T (�̃
S
T ; �): (3.3)

As we show above, these statistics have to be multiplied by the scalar (1 + 1=S)−1 to
obtained an asymptotic distribution free of the nuisance parameter S under the null.
In the case of close alternative, the optimal test takes the average form

aveQS;OT =
∫
!
QS;Ot;T dJ (�);

where QS;Ot;T corresponds to Eqs. (3.2) and (3.3). For a distant alternative, we have the
following exponential form:

expQS;OT = log
(∫

!
exp

[
1
2
QS;Ot;T

]
dJ (�)

)
:

The supremum form is

supQS;OT = sup
�∈!

QS;Ot;T (�):

The following theorem provides the asymptotic distribution of those optimal test
statistics.

Theorem 7. Under the null of no structural change and Assumptions A.1–A.5, the
following processes indexed by � for a given set ! whose closure lies in (0,1) satisfy

supQS;OT ⇒ sup
�∈!

Qq−p(�); aveQS;OT ⇒
∫
!
Qq−p(�) dJ (�);

expQS;OT ⇒ log
(∫

!
exp

[
1
2
Qq−p(�)

]
dJ (�)

)
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with

Qq−p(�) = Bq−p(�)′Bq−p(�)

and under alternative (3.1)

Qq−p(�) = Bq−p(�)′Bq−p(�) +
(
1 +

1
S

)−1

(H (1)− H (�))′ −1=2(I − PF)

× −1=2(H (1)− H (�));

where Bq−p(�) is a q − p-dimensional vector of independent Brownian motion and
PF =  −1=2F(F ′ −1F)−1F ′ −1=2.

Proof. See Appendix B.

As with previous cases, the asymptotic distributions of optimal tests again do not
depend on the number of simulation paths under the null but the asymptotic power is
a*ected by S.
To conclude we should note that the sequence of local alternatives in (3.1) is ex-

pressed in terms of violations of moment conditions instead of parameters as in (2.2).
This brings us to the subject of predictive tests for structural change considered by
Ghysels et al. (1997) for the case of GMM estimators. They consider a single break-
point, which amounts to the following null:

H0 : Ekt(�0) = 0 ∀t = 1; : : : ; T

and alternative

Ekt(�0) =




0 ∀t = 1; : : : ; [�T ];

T− 1
2 22 ∀t = [�T ] + 1; : : : ; T

with 22 �= 0: The predictive test is based on evaluating the sample moment conditions
for the subsample t = [�T ] + 1; : : : ; T using �̂ S1T (�), i.e. the parameter estimates from
the :rst subsample. The test statistic is de:ned as

PredT (S; �) = (T − [T�])f S
2T (�̂

S
1T (�))

′V̂−1
PR f

S
2T (�̂

S
1T (�));

where V̂ PR is a covariance matrix de:ned in Ghysels and Hall (1990) and

f S
2T (�̂

S
1T (�)) =

1
T − [T�]

T∑
t=[T�]+1

(
m(zTt)− 1

S

S∑
s=1

m(zsTt(�̂
S
1T (�)); �̂

S
1T (�))

)
:

One can apply again arguments similar to those in Theorem 7 to show that the critical
values appearing in Ghysels et al. (1999, corrigendum of 1997) apply.
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4. Finite sample properties

The results in Sections 3 and 4 imply that the asymptotic distribution of simulation-
based tests for structural change under the null as well as under a sequence of local
alternatives is independent of S, the number of simulations. Yet, one might expect that
in :nite samples both the size and power are a*ected by the number of simulations.
We conduct a Monte-Carlo study to appraise the extend to which the :nite sample size
and power depend on S: The setup we consider is the following AR(1) model:

yt = 30 + 31yt−1 + �t ; (4.1)

where �t is i.i.d. N(0; 1). We consider both GMM and SMM estimators. Comparing the
two will allow us to appraise the impact of simulation uncertainty in :nite samples.
The GMM estimator of the parameter vector � ≡ (30; 31; 4�) is based on the following
set of moment conditions:

30=(1− 31)− 1=T
T∑
(=1

y(;

42� =(1− 321)− 1=T
T∑
(=1

(y( − Py)2;

(3142� )=(1− 321)− 1=T
T∑
(=2

(y( − Py)(y(−1 − Py);

whereas the SMM estimator is based on the same moment conditions, though computed
via simulations, that is

1=T
T∑
(=1

(
y( − 1=S

S∑
s=1

ys((�)

)
;

1=T
T∑
(=1

(
(y( − Py)2 − 1=S

S∑
s=1

(ys((�)− Py s(�))2
)
;

1=T
T∑
(=2

(
(y( − Py)(y(−1 − Py)− 1=S

S∑
s=1

(ys((�)− Py s(�))(ys(−1(�)− Py s(�))

)
:

Under the null hypothesis we consider the following parameter values: 30 = 0 and 1,
31 = 0:5 and 0.9. Pairwise combinations yields four process speci:cations. Under the
alternative we consider either a shift in the intercept or in the slope. For the former
we take

30t =

{
0 t = 1; : : : ; [�T ];

1 t = [�T ] + 1; : : : ; T:
(4.2)
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For the breaks in the slope we take as alternative

31t =

{
0:5 t = 1; : : : ; [�T ];

0:9 t = [�T ] + 1; : : : ; T:
(4.3)

The sample sizes are T = 100 and 200. Under the alternative breaks occur at � =
0:25; 0:50 and 0.75. The AveLM, ExpLM and SupLM statistics are considered with
S = 1; 2 and 10. We examine LM-type tests as they are the most appealing from a
computational point of view, only involving full sample estimators. The three variations
on the LM-type statistics allow us to explore the e*ect of local asymptotic power
schemes on :nite sample power properties. The Monte-Carlo study is based on 1000
replications. Table 1 reports the size of the various tests, Tables 2 and 3 cover power
properties for intercept and slope breaks. The nominal level of the tests is 5%.
Table 1, as well as the other tables, reports the results for AveLM tests in the top

panel, ExpLM in the middle panel and SupLM in the lower panel. Each panel contains
three SMM estimators with S = 1; 2 and 10 and the GMM estimator involving the
same moment conditions appear for the four parameter combinations considered and
the two sample sizes. Regardless of the test, sample size or parameter settings, we
note from Table 1 that there are serious size distortions for all the SMM estimators
involving only one simulation, i.e. S = 1. It takes only a second simulation, i.e. S = 2
to completely eliminate any size distortion due to simulation error, that is the size of
the tests are roughly the same for the GMM and the SMM estimator-based tests with
S=2. Considering a larger number of simulations, i.e. increase S to 10; adds very little
improvement. These results tell us that simulation uncertainty in the computation of
moments matters, but it is fairly straightforward to accommodate as only a very small
number of simulations is required.
In Table 2 we examine the power of the tests when a break occurs in the intercept

of the AR(1) model, with breaks occuring at fractions � = 0:25; 0:50 and 0.75 of
samples of size T = 100 and 200. Tests involving S = 1 should be largely ignored
as they su*er from serious size distortions. We focus therefore our analysis on the
SMM estimators with S =2 and 10. Typically, the SMM-based tests are less powerful
than their GMM-based counterpart. In some cases the SMM-based tests appear more
powerful, which is to be attributed to Monte-Carlo simulation error. The di*erences
between tests with two or ten simulations are neglible, similar to the :ndings reported in
Table 1 regarding size properties. The loss of power compared to the GMM estimators
does not seem to be a*ected by the persistence in the series (i.e. the value of 31) nor by
the location of the break (i.e. the value of �). Moreover, the SMM-based tests inherit
the power pro:le of GMM-based tests, as is expected. In particular, as the sample size
increases so does the power and the power is higher for mid-sample breaks and roughly
equivalent (i.e. symmetric) for � = 0:25 and � = 0:75. when S increases. Symmetry
of power properties with regard to the location of the break was also reported by
Ghysels et al. (1997) for GMM-based tests. For breaks in the slope, reported in Table
3, many of the aforementioned conclusions hold as well, except that the power of the
GMM and SMM tests is no longer symmetric around a mid-sample break, but instead
declines as � increases. Finally, the expLM tests are usually the most powerful ones,
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Table 1
Size properties of SMM and GMM-based LM-type tests

T 30 31 SMM GMM

S = 1 S = 2 S = 10 S =∞
AveLM tests
100 0 0.5 0.411 0.027 0.033 0.027

0 0.9 0.587 0.167 0.152 0.094
1 0.5 0.398 0.041 0.028 0.019
1 0.9 0.592 0.150 0.140 0.115

200 0 0.5 0.365 0.035 0.035 0.036
0 0.9 0.510 0.087 0.082 0.090
1 0.5 0.334 0.041 0.049 0.033
1 0.9 0.515 0.098 0.100 0.087

ExpLM tests
100 0 0.5 0.521 0.034 0.037 0.024

0 0.9 0.714 0.167 0.251 0.163
1 0.5 0.517 0.040 0.029 0.024
1 0.9 0.721 0.240 0.237 0.192

200 0 0.5 0.453 0.033 0.035 0.037
0 0.9 0.645 0.138 0.128 0.116
1 0.5 0.427 0.033 0.040 0.032
1 0.9 0.649 0.131 0.154 0.131

ExpLM tests
100 0 0.5 0.494 0.022 0.031 0.013

0 0.9 0.707 0.233 0.252 0.170
1 0.5 0.493 0.028 0.034 0.018
1 0.9 0.718 0.232 0.246 0.191

200 0 0.5 0.451 0.019 0.041 0.030
0 0.9 0.663 0.151 0.151 0.129
1 0.5 0.421 0.025 0.040 0.022
1 0.9 0.651 0.150 0.166 0.143

Notes: Entries to the Table are Monte-Carlo simulations (1000 replications) of p-values for 5% nominal
tests of the LM-type for the model appearing in (4.1).

not surprisingly as they are designed to have power again “distant” alternatives. The
di*erences in power across the three types of tests are usually small, however.

5. Conclusion

In this paper, we examined tests for structural change in the context of simulated
method of moments estimators. We found that the asymptotic distribution for such
tests coincide with their GMM counterpart under the null but depends on the number



110 E. Ghysels, A. Guay / Journal of Econometrics 115 (2003) 91–123

Table 2
Power properties of SMM- and GMM-based LM-type tests

T 310 320 31 � SMM GMM

S = 1 S = 2 S = 10 S =∞
AveLM tests
100 0 1 0.5 0.25 0.404 0.158 0.159 0.279

0.50 0.651 0.470 0.631 0.845
0.75 0.723 0.423 0.639 0.332

100 0 1 0.9 0.25 0.652 0.233 0.193 0.696
0.50 0.696 0.701 0.527 0.715
0.75 0.844 0.854 0.606 0.681

200 0 1 0.5 0.25 0.568 0.386 0.406 0.686
0.50 0.861 0.862 0.969 0.998
0.75 0.909 0.813 0.964 0.739

200 0 1 0.9 0.25 0.662 0.204 0.182 0.683
0.50 0.699 0.429 0.439 0.567
0.75 0.882 0.554 0.700 0.557

ExpLM tests
100 0 1 0.5 0.25 0.484 0.145 0.127 0.228

0.50 0.675 0.408 0.562 0.782
0.75 0.798 0.493 0.723 0.304

100 0 1 0.9 0.25 0.719 0.292 0.240 0.740
0.50 0.766 0.433 0.608 0.769
0.75 0.890 0.637 0.660 0.719

200 0 1 0.5 0.25 0.615 0.369 0.379 0.729
0.50 0.876 0.831 0.947 0.990
0.75 0.949 0.883 0.990 0.789

200 0 1 0.9 0.25 0.735 0.277 0.254 0.744
0.50 0.659 0.368 0.497 0.621
0.75 0.872 0.481 0.770 0.599

SupLM tests
100 0 1 0.5 0.25 0.435 0.082 0.067 0.110

0.50 0.633 0.260 0.409 0.770
0.75 0.783 0.400 0.642 0.317

100 0 1 0.9 0.25 0.717 0.290 0.230 0.772
0.50 0.757 0.442 0.607 0.817
0.75 0.864 0.622 0.629 0.750

200 0 1 0.5 0.25 0.598 0.262 0.252 0.573
0.50 0.839 0.675 0.850 0.992
0.75 0.945 0.833 0.972 0.644

200 0 1 0.9 0.25 0.738 0.296 0.255 0.724
0.50 0.756 0.483 0.476 0.601
0.75 0.921 0.603 0.761 0.582

Notes: Entries to the Table are Monte-Carlo simulations (1000 replications) of p-values for 5% nominal
tests of the LM-type for the model appearing in (4.1) under alternative (4.2).
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Table 3
Power properties of SMM- and GMM-based LM-type tests

T 30 311 321 � SMM GMM

S = 1 S = 2 S = 10 S =∞
AveLM tests
100 0 0.5 0.9 0.25 0.422 0.202 0.231 0.174

0.50 0.470 0.208 0.247 0.190
0.75 0.428 0.148 0.144 0.096

100 1 0.5 0.9 0.25 0.801 0.394 0.379 0.872
0.50 0.797 0.559 0.570 0.670
0.75 0.823 0.505 0.460 0.389

200 0 0.5 0.9 0.25 0.544 0.388 0.481 0.419
0.50 0.578 0.393 0.503 0.494
0.75 0.464 0.188 0.219 0.193

200 1 0.5 0.9 0.25 0.875 0.459 0.572 0.971
0.50 0.856 0.619 0.709 0.472
0.75 0.878 0.578 0.748 0.147

ExpLM tests
100 0 0.5 0.9 0.25 0.357 0.240 0.270 0.213

0.50 0.552 0.233 0.305 0.200
0.75 0.563 0.211 0.221 0.123

100 1 0.5 0.9 0.25 0.860 0.442 0.399 0.911
0.50 0.853 0.653 0.713 0.801
0.75 0.878 0.573 0.550 0.461

200 0 0.5 0.9 0.25 0.620 0.425 0.547 0.475
0.50 0.631 0.399 0.503 0.489
0.75 0.530 0.232 0.249 0.211

200 1 0.5 0.9 0.25 0.913 0.532 0.596 0.992
0.50 0.907 0.685 0.790 0.724
0.75 0.912 0.677 0.818 0.206

SupLM tests
100 0 0.5 0.9 0.25 0.525 0.241 0.280 0.204

0.50 0.552 0.216 0.289 0.175
0.75 0.567 0.211 0.221 0.131

100 1 0.5 0.9 0.25 0.849 0.401 0.300 0.867
0.50 0.859 0.621 0.690 0.799
0.75 0.863 0.568 0.550 0.459

200 0 0.5 0.9 0.25 0.641 0.431 0.534 0.475
0.50 0.621 0.352 0.438 0.401
0.75 0.571 0.247 0.265 0.203

200 1 0.5 0.9 0.25 0.920 0.530 0.517 0.989
0.50 0.917 0.687 0.792 0.778
0.75 0.919 0.669 0.782 0.214

Notes: Entries to the Table are Monte-Carlo simulations (1000 replications) of p-values for 5% nominal
tests of the LM-type for the model appearing in (4.1) under alternative (4.3).
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of simulated paths under the alternative. Obviously, there are limitations to our results
as well as unresolved challenges. Regarding the limitations we should mention the
:nite sample performance of the tests. There is a fair amount of Monte-Carlo evidence
regarding the :nite sample performance of GMM tests for structural change. In :nite
samples the simulation uncertainty is one more factor that may deteriorate the :nite
sample performance. As noted in Section 4, the simulation uncertainty matters in :nite
samples, yet it is easy to account for with only a small number of simulations. It
appears from our Monte-Carlo study that S =2 su;ces, i.e. tremendous improvements
occur by simply adding a second simulation.
In general, power properties of GMM and SMM-based tests deteriorate against struc-

tural change at the very beginning or the very end of a sample. Dufour et al. (1994)
proposed tests, with null and alternative similar to predictive tests, designed to handle
situations where one sample is large (the estimation sample) and a second sample is
small (the prediction sample) even containing only one observation. Unfortunately, the
results obtained for SMM-based tests we discussed in this paper do not extend to the
setup considered by Dufour et al. Their tests will depend on the nuisance parameter S,
though one could let S → ∞, and obtain the same results as in Dufour et al. Since the
second sample is small generating a large number of simulations would be particularly
di;cult.
The next generation of estimators are simulation-based procedures involving two

models, an auxiliary model and a model of interest. Such procedures, discussed by
GouriFeroux et al. (1993) and Gallant and Tauchen (1996) add some nontrivial com-
plications regarding testing since they involve parameters of two models. We leave
testing for structural change in such settings for further research.

6. For further reading

The following references may also be of interest to the reader: Andrews, 1994 and
Chow, 1960.
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Appendix A. Detailed description of regularity conditions

Assumption A.1. The parameter space � is a compact subset of Rp and �0 is a dense
subset of �.
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Assumption A.2. For all �∈�, {zsTt(�): t6T; T¿ 1} is a triangular array of Z-values
random vectors that is L0-near epoch dependent on a strong mixing base {VTt : t =
: : : ; 0; 1; : : : ;T¿ 1}, where Z is a Borel subset of Rk . 9

Assumption A.3. The set of moment conditions satis:es:

• For some r ¿ 2 and for all �∈�, {m(zsTt(�); �): t6T; T¿ 1} is a triangular array of
Rq-valued random vector that is L2-near epoch dependent of size—1

2 on a strong mix-
ing base {VTt : t= : : : ; 0; 1; : : : ;T¿ 1} of size −r=(r−2), supt6T;T¿1 E‖m(zsTt(�); �)‖r
¡∞.

• PlimT→∞(1=T )
∑T

t=1 E sup�∈�|m(zsTt(�); �)|1+� ¡∞ for some �¿ 0.
• For all �; �′ ∈�, there is a sequence {BTt : t6T; T¿ 1} not depending on � with

(1=T )
∑T

t=1 EBTt =Op(1) such that ‖m(zsTt(�); �)− m(zsTt(�′); �′)‖6BTt‖�− �′‖.
• sup�∈!‖Ŵ T (�) −W (�)‖ p→0 for 2q × 2q matrices W (�) for which sup�∈!‖W (�)‖
¡∞ (including the optimal one).

• limT→∞(1=T )
∑[T�]

t=1 Em(z
s
Tt(�; �); �; �) exists uniformly over (�; �; �)∈B × � × !

and equals � limT→∞(1=T )
∑T

t=1 Em(z
s
Tt(�; �); �; �).

• Var( 1√
T

∑T�
t=1 [(m(zTt)− Em(zsTt))])

p→� , ∀�∈ [0; 1] for positive q× q matrix  .

• f̃ S(�0; �0) = 0, where

f̃ S(�; �) = m̃− 1
S

S∑
s=1

m̃s(�; �)

= limT→∞(1=T )
T∑
t=1

(m(zTt)− 1
S

S∑
s=1

m(zsTt(�; �); �; �))

and for every neighborhood �0(⊂ �) of �0, inf �∈! inf �∈�=�0f
S(�; �)′W (�)f S(�; �)

¿ 0, where f S(�; �) = (�f̃ S(�1; �))′; (1− �)(f̃ S(�2; �))′)′.

Assumption A.4. F(�)′W (�)F(�) is nonsingular ∀�∈! and has eigenvalues bounded
away from zero.

We de:ne the total derivative as

D�′m(zsTt(�); �) =
d
d�′

m(zsTt(�); �): (A.1)

Assumption A.5. The total derivative satis:es:

• For some r ¿ 2 and for all �∈�, {D�′m(zsTt(�); �): t6T; T¿ 1} is a triangular
array of Rq-valued random vector that is L2-near epoch dependent of size −1=2 on a

9 For a de:nition of Lp-near epoch dependence see Andrews (1993, p. 830), Davidson (1994) or Gallant
and White (1988).
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strong mixing base {VTt : t= : : : ; 0; 1; : : : ;T¿ 1} of size −r=(r−2) and supt6T;T¿1E
‖D�′m(zsTt(�); �)‖r ¡∞.

• m(zsTt(�); �) is di*erentiable in (�; �)∈B0 × �0 ∀z ∈Z , where B0 and �0 are some
neighborhood of �0 and �0.

• For all �; �′ ∈�, there is a sequence {CTt : t6T; T¿ 1} not depending on � with
1
T

∑T
t=1 ECTt = Op(1) s.t. ‖D�′m(zsTt(�); �) − D�′m(zsTt(�); �

′)‖6CTt‖� − �′‖ and
supt6T;T¿1 E sup�∈�0

‖D�′m(zsTt(�); �)‖1+� ¡∞ for some �¿ 0.

• limT→∞(1=T )
∑[T�]

t=1 ((1=S)
∑ S

s=1 ED�′m(z
s
Tt(�); �)) exists uniformly over �∈! equals

�F , ∀�∈! where

F = lim
T→∞

1
T

T∑
t=1

E9m(zst (�0); �0)=9�′ ∈Rq×p:

Appendix B. Proofs of theorems

To proof Theorems 1 and 2 we establish :rst a lemma for a generic function Q(:):
Di*erent applications of the lemma will involve di*erent speci:c functions.

Lemma A.1. Suppose (a) Assumptions A.1 holds, (b) Assumptions A.2 holds, (c) for
some r ¿ 2, Q(zsTt(�); �) is a triangular array of R

q-valued random vectors that is
L2-near epoch dependent of size −1=2 on a strong mixing base {VTt : t = : : : ; 0; 1; : : : ;
T¿ 1} of size −r=(r − 2) and supt6T;T¿1E‖Q(zsTt(�); �)‖r ¡∞, (d) the q-vector
Q(zsTt(�); �) follows a global Lipschitz condition in � and (e) lim supT→∞(1=T )∑T

t=1 E sup�∈�|Q(zsTt(�); �)|1+� ¡∞ for some �¿ 0. Then

sup
�∈�

sup
R6T

∣∣∣∣∣ 1T
R∑
t=1

[Q((zsTt(�); �)− EQ((zsTt(�); �)]
∣∣∣∣∣ p→0:

Proof. We de:ne GTt(�) = supR6T |(1=T )
∑R

t=1(Q(z
s
Tt(�); �)−EQ(zsTt(�); �))|. By The-

orem 21.9 of Davidson (1994), sup�∈� GTt(�)
p→0 if and only if (i) the pointwise

convergence of GTt(�) for �∈�0, where �0 is a dense subset of � and (ii) {GTt} is
stochastically equicontinuous. 10 For (i), by Assumption (a), �0 is a dense subset of
�. By Assumption (c), Q(zsTt(·); ·) is L2-near epoch dependent, which implies that this
process is L2-approximable. 11 An L2-approximable process is L0-approximable. By As-
sumption (e), the approximators can be taken to be conditional means {EQ(zsTt(�); �)|
VTt−r ; : : : ; VTt+r: t6T; T¿ 1; r¿ 1}. Thus Q(zsTt(·); ·) is L0-near epoch dependent. Us-
ing Lemma A.2 of Andrews (1993) with XTt equal to an element of the q-dimensional
vector Q(zsTt(�); �) − EQ(zsTt(�); �), we obtain (i). For (ii), by Theorem 21.11 from
Davidson (1994), global Lipschitz condition (Assumption (d)) is su;cient to obtain
that {GTt} is stochastically equicontinuous.

10 The presentation of Davidson is drawn mainly from Andrews (1992). Newey (1991) provides also
conditions for uniform convergence based on stochastic equicontinuity.
11 The concept of Lp-approximable process is due to PXotscher and Prucha (1991). See also Davidson

(1994) for a presentation of Lp-approximable process.
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Proof of Theorem 1. First, we need to show that

sup
�∈!;�∈�

| Pf S
T (�; �)

′Ŵ T (�) Pf S
T (�; �)− f S(�; �)′W (�)f S(�; �)| p→0:

Using Assumption A.3, the expression above holds if

sup
�∈!

sup
�∈�

| Pf S
T (�; �)− f S(�; �)| p→0:

Using
∑T

[T�]+1 =
∑T

t=1 −
∑[T�]

t=1 , the expression above holds if

sup
�∈�

sup
[T�1]6R6T

∣∣∣∣∣ 1T
R∑
t=1

[(
m(zTt)− 1

S

S∑
s=1

m((zsTt(�); �)

)

−
(
Em(zTt)− 1

S

S∑
s=1

Em((zsTt(�); �))

)]∣∣∣∣∣ p→0; (B.1)

where �1 = inf{� : �∈!}¿ 0 and

sup
�∈�

sup
�∈!

∣∣∣∣∣ 1T
[T�]∑
t=1

[(
Em(zTt)− 1

S

S∑
s=1

Em((zsTt(�); �)

)

−
(
m̃− 1

S

S∑
s=1

m̃s(�)

)]∣∣∣∣∣ p→0: (B.2)

For B.1, by the triangle inequality

sup
R6T

∣∣∣∣∣ 1T
R∑
t=1

[(
m(zTt)− 1

S

S∑
s=1

m((zsTt(�); �)

)

−
(
Em(zTt)− 1

S

S∑
s=1

Em((zsTt(�); �)

)]∣∣∣∣∣
6 sup

R6T

∣∣∣∣∣ 1T
R∑
t=1

(m(zTt)− Em(zTt))
∣∣∣∣∣

+

∣∣∣∣∣ 1T
R∑
t=1

(
1
S

S∑
s=1

Em((zsTt(�); �)− m((zsTt(�); �)
)∣∣∣∣∣ :
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By Assumption A.2, the :rst term on the right-hand side of the expression above
converges to zero in probability. By using Lemma 1 for m(zsTt(·); ·) with Assumptions
A.1–A.3, we establish the uniform WLLN for m(zsTt(·); ·) for s = 1; : : : ; S. Thus, the
second term of the expression above also converges to zero in probability. Hence, Eq.
(B.1) holds, whereas Eq. (B.2) holds by Assumption A.3 and the triangle inequality.
Finally, we now apply Lemma A.1 of Andrews (1993) under Assumption A.3 with
QT (�; �)= Pf S

T (�; �)
′Ŵ T (�) Pf S

T (�; �), Q(�; �)=f
S(�; �)′W (�)f S(�; �), we then obtain

that sup�∈!‖�̂(�)− �0‖
p→0.

Proof of Theorem 2. We start with the following property for the sample score func-
tion: (

9
9�′

Pf S
T (�̂

S
T (�); �)

)′
Ŵ T (�)

√
T Pf S

T (�̂
S
T (�); �) = op(1): (B.3)

Using Taylor’s theorem, we have

√
T Pf S

T (�̂
S
T (�); �) =

√
T Pf S

T (�0; �) +
(
9
9�′

Pf S
T ( P�

S
T (�); �)

)√
T (�̂ ST (�)− �0);

(B.4)

where P� ST (�)
′ = [ P�S; (1)T (�) : : : P�S; (p)T (�)] and P�S; (k)T (�) = >(k)�(k)0 + (1 − >(k))�̂S; (k)T (�) for

some 06 >(k)6 1 and k = 1; : : : ; p. Since �̂ ST (�) is consistent for �0 (see Theorem
1 and by the consistency of the full sample estimator), P� ST (�)

p→�0. We now have to
show that

sup
�∈!

∣∣∣∣
∣∣∣∣ 99�′ Pf S

T ( P�
S
T (�); �)− F(�)

∣∣∣∣
∣∣∣∣ p→0; (B.5)

whenever P� ST (�) satis:es sup�∈!‖ P� ST (�)− �0‖
p→0. To establish this, we can write

sup
�∈!

∣∣∣∣
∣∣∣∣ 99�′ Pf S

T ( P�
S
T (�); �)− F(�)

∣∣∣∣
∣∣∣∣

6 sup
�∈!

∣∣∣∣
∣∣∣∣ 99�′ Pf S

T ( P�
S
T (�); �)− E

9
9�′

Pf S
T (�; �)

∣∣∣�= P� ST (�)

∣∣∣∣
∣∣∣∣

+ sup
�∈!

∣∣∣∣
∣∣∣∣E 9
9�′

Pf S
T (�; �)

∣∣∣�= P� ST (�)
− E 9

9�′
Pf S
T (�0; �)

∣∣∣∣
∣∣∣∣

+ sup
�∈!

∣∣∣∣
∣∣∣∣E 9
9�′

Pf S
T (�0; �)− F(�)

∣∣∣∣
∣∣∣∣ : (B.6)

For the :rst term of Eq. (B.6), we need to show a WLLN for 9 Pf S
T (�; �)=9�′. Using

Lemma 1 for D�′m(zsTt ; �) combined with Assumptions A.1, A.2, A.5, we obtain a uni-
form WLLN for D�′m(zsTt ; �). Hence, the :rst term of the expression above converges
to zero in probability.
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For the second term of Eq. (B.6), we have

sup
�∈!

∣∣∣∣
∣∣∣∣E 9
9�′

Pf S
T (�; �)

∣∣∣�= P� ST (�)
− E 9

9�′
Pf S
T (�0; �)

∣∣∣∣
∣∣∣∣

6Esup
�∈!

∣∣∣∣
∣∣∣∣ 99�′ Pf S

T (�; �)
∣∣∣�= P� ST (�)

− 9
9�′

Pf S
T (�0; �)

∣∣∣∣
∣∣∣∣ :

By the global Lipschitz condition,∣∣∣∣
∣∣∣∣ 99�′ Pf S

T (�; �)
∣∣∣�= P� ST (�)

− 9
9�′

Pf S
T (�0; �)

∣∣∣∣
∣∣∣∣6CTt

∣∣∣∣ P� ST (�)− �0∣∣∣∣ :
Since sup�∈!‖ P� ST (�) − �0‖ p→0, we obtain that the second term converges to zero in
probability. The third term of Eq. (B.6) converges to zero in probability by Assumption
A.5. Next, we show that

√
T Pf S

T (�0; �) ⇒ G(S; �): (B.7)

We de:ne

f S
1T (�; �) =

1
T

[T�]∑
t=1

(
m((zsTt)−

1
S

S∑
s=1

m((zsTt(�0); �0)

)
;

which corresponds to the moment conditions for the :rst subsample. Under the null
hypothesis f S

1T (�; �) has the same asymptotic distribution as

1
T

[T�]∑
t=1

[m((zsTt)− Em((zsTt(�0); �0)]

− 1
T

[T�]∑
t=1

(
1
S

S∑
s=1

[m((zsTt(�0); �0)− Em((zsTt(�0); �0)]
)
:

Both terms above have asymptotically independent increments and are mutually inde-
pendent. De:ne v1;T (�) = (1=

√
T )

∑[T�]
t=1 [m(zt) − Em(zt)] and vs2;T (�) = (1=

√
T )

∑[T�]
t=1

[m((zsTt(�0); �0) − Em((zsTt(�0); �0)], for s = 1; : : : ; S. We can apply Lemma A.4 of
Andrews (1993), under Assumptions A.2 and A.3, to the sequences {v1;T (·): T¿ 1}
and {vs2;T (·): T¿ 1} for s=1; : : : ; S; since they have asymptotically independent incre-
ments. Therefore, v1;T (·) ⇒  1=2B1(·) and vs2;T (·) ⇒  1=2Bs2(·) where B1(·) and Bs2(·)
are q-dimensional vectors of independent Brownian motions. Since

√
Tf S

T (�0; �) =
(
√
(T )f S

1T (�0; �)
′;

√
(T )f S

1T (�0; �)
′)′=((v1;T (�)− 1

S

∑ S
s=1 v

s
2;T (�))

′; ((v1;T (1)−v1;T (�))
− 1

S

∑ S
s=1 (v

s
2;T (1)− vs2;T (�)))′)′, we have the following asymptotic distribution for the

moment condition of the partial-sample SMM estimator:

√
T Pf S

T (�0; �) =

[√
Tf S

1T (�0; �)√
Tf S

2T (�0; �)

]



118 E. Ghysels, A. Guay / Journal of Econometrics 115 (2003) 91–123

⇒




 1=2[B1(�)− 1
S

S∑
s=1

Bs2(�)]

 1=2[(B1(1)− B1(�))− 1
S

S∑
s=1

(Bs2(1)− Bs2(�))]


 : (B.8)

The right expression can be rewritten as(
1 +

1
S

)1=2
[

 1=2B(�)

 1=2(B(1)− B(�))

]
; (B.9)

where B(�) is a q-dimensional vector of standard Brownian motion since ((1+ 1
S )

−1=2)
[B1(�)− 1

S

∑ S
s=1 B

s
2(�)] is a q-dimensional vector of standard Brownian motion.

Moreover, using Eqs. (B.3), (B.4), (B.5) and (B.7), Assumptions A.4 and A.5 and
the continuous mapping theorem (see Pollard, 1984), we obtain the desired result.

Proof of Theorem 3. The result is obtained by noting that
√
T Pf S

T (�0; �) =
√
T ( Pf S

T (�0; �)− E Pf S
T (�0; �)) +

√
TE Pf S

T (�0; �)

and applying the arguments from the proof of Theorem 2 under the alternative 3.1.

Proof of Theorem 4. The proof is a modi:cation of Andrews’ proof for the Wald
test which takes into account the presence of simulated moments and the asymptotic
distribution is derived under the alternative. The result under the null follows directly.
We de:ne Y = [Ir ;−Ir ; 0s]∈Rr×(2r+s) and have

√
T (�̂ S1T (�)− �̂ S2T (�)) =@

√
T (�̂ ST (�)− �0)

⇒ @(F(�)′W (�)F(�))−1F(�)′W (�)G(S; �):

For a optimal choice of the weighting matrix, we can write

F(�)′W (�)F(�)

=
(
1 +

1
S

)−1



�(F�)′ −1F� 0 �(F�)′ −1F�

0 (1−�)(F�)′ −1F� (1−�)(F�)′ −1F�

�(F�)′ −1F� (1−�)(F�)′ −1F� (F�)′ −1F�


 :

Therefore, by the Lemma A.5 of Andrews (1993)

@(F(�)′W (�)F(�))−1F(�)′W (�)G(S; �)

=[Ir : −Ir]
(
1 +

1
S

)1=2
[
�(F�)′ −1F� 0

0 (1− �)(F�)′ −1F�

]−1
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×
[

(F�)′ −1=2[B(�) + (1 + 1
S )

−1=2 −1=2H (�)]

(F�)′ −1=2[(B(1)− B(�)) + (1 + 1
S )

−1=2 −1=2(H (1)− H (�))]

]

=C

(
[B(�) + (1 + 1

S )
−1=2 −1=2H (�)]
�

− [(B(1)− B(�)) + (1 + 1
S )

−1=2 −1=2(H (1)− H (�))]
(1− �)

)
;

where C = (1 + 1
S )

1=2((F�)′ −1F�)−1(F�)′ −1=2.
We have also

V̂ 1(�)
�

+
V̂ 2(�)
(1− �) ⇒ V

�(1− �) =
CC′

�(1− �) ;

where V = (1 + 1
S )((F

�)′ −1F�)−1. The Wald statistic then converges to

BH (�)′C′
(

CC′

�(1− �)
)−1

CBH (�);

where BH (�) = [B(�)− �B(1) + (1 + 1
S )

−1=2 −1=2(H (�)− �H (1))].
We can decompose C′(CC′)−1C as C′(CC′)−1=2(CC′)−1=2C. When we de:ne the

Brownian motions (CC′)−1=2CB(�), the asymptotic distribution result follows. In par-
ticular, the asymptotic distribution does not depend on the number of simulations S,
under the null and hence is nuisance parameter free. For the LMT (S; �) statistic and
LRT (S; �), we can show that

LM S
T (�) =Wald ST (�) + op(1)

and

LR S
T (�) =Wald ST (�) + op(1)

using the same arguments as in Andrews for the GMM case. For brevity the proof is
omitted.

Proof of Theorem 6. From Theorem 3 we have that

√
Tf S

1T (�0) ⇒  1=2

[
B1(�)− 1

S

S∑
s=1

B2(�)

]
+ H (�): (B.10)

Let us consider an expansion of the moment conditions for the full sample evaluated
with the restricted estimator

f S
T (�̃

S
T ) = f

S
T (�0) +

9
9�′f

S
T ( P�)(�̃

S
T − �0);
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where P�S
′
T =[ P�S; (1)T : : : P�S; (p)T ] and �̃S; (k)T =>(k)�(k)0 + (1−>(k))�̂S; (k)T for some 06 >(k)6 1

and k = 1; : : : ; p. Multiplying both sides by 9f S
T (�̃

S)′WT=9�′ yields

(�̃ ST − �0) =−
[
9
9�′f

S
T (�̃

S
T )

′WT
9
9�′f

S
T ( P�)

]−1 9
9�′f

S
T (�̃

S
T )

′WTf S
T (�0) (B.11)

since (9f S
T (�̃

S
T )=9�′)′WTf S

T (�̃
S
T ) = op(1).

Furthermore, expanding the moment conditions for the :rst subsample evaluated at
the restricted full sample estimator yields

f S
1T (�̃

S
T ) = f

S
1T (�0) +

9
9�′f

S
1T ( X�)(�̃

S
T − �0); (B.12)

where X� ST
′=[ X�S; (1)T : : : X�S; (p)T ] and X�S; (k)T =>(k)�(k)0 +(1−>(k)) P�S; (k)T for some 06 >(k)6 1

and k = 1; : : : ; p. Substitution of (B.9) into (B.10) results in

f S
1T (�̃

S
T ) = f

S
1T (�0)−

9
9�′f

S
1T ( X�)

[
9
9�′f

S
T (�̃

S
T )

′WT
9
9�′f

S
T ( P�)

]−1 9
9�′f

S
T (�̃

S
T )

′WTf S
T (�0):

Combining Eqs. (B.8) and (B.5) and Assumption (A.3) yields

√
Tf S

1T (�̃
S
T )⇒ 1=2

(
B1(�)− 1

S

S∑
s=1

Bs2(�)

)
+ H (�)

−�F(F ′WF)−1F ′W

[
 1=2

(
B1(1)− 1

S

S∑
s=1

Bs2(1)

)
+ H (1)

]
:

We need the following corollary of Theorem 6 to show the result of Theorem 7.
This corollary is an extension of the Sowell’s Corollary 1 (Sowell, 1996a) to the case
of simulation-based estimators.

Corollary B.1. Under Assumptions A.1–A.5 and the null hypothesis, there exists an
orthonormal matrix C such that(

1 +
1
S

)−1=2

C
√
T −1=2

T f S
1T (�̃

S
T ) ⇒

[
BBp(�)

Bq−p(�)

]

and under the alternative in Eq. (4.1)(
1 +

1
S

)−1=2

C
√
T −1=2

T f S
1T (�̃

S
T )

⇒
[
BBp(�) + (1 + 1

S )
−1=2C1 −1=2(H (�)− �H (1))

Bq−p(�) + (1 + 1
S )

−1=2C2 −1=2H (�)

]
;

where BBp(�) is a p-vector of standard Brownian bridge and Bq−p(�) is a (q −
p)-vector of standard Brownian motion and C′AC =  −1=2F(F ′ −1F)−1F ′ −1=2



E. Ghysels, A. Guay / Journal of Econometrics 115 (2003) 91–123 121

where

A=

[
Ip 0p×(q−p)

0(q−p)×p 0(q−p)×(q−p)

]

and C1 is the matrix of the #rst p rows of C and C2 the last q− p rows of C.

The corollary follows from Theorem 6 and the fact that

(
1 +

1
S

)−1=2

C

[
B1(�)− 1

S

S∑
s=1

Bs2(�)

]
(B.13)

is a q-dimensional vector of standard Brownian motion.

Proof of Theorem 7. The statistic QS;Ot;T consists in the quadratic form of the projection
of (1+1=S)−1=2 −1=2Sow S

T (�̃
S
T ; �) and (1+1=S)−1=2 −1=2HS St;T (�̃

S
T ; �) on C′(Iq−A)C.

By Corollary B.1, this projection cancels out the p-dimensional vector of Brownian
bridge. Thus, the asymptotic distribution of QS;Ot;T is given by the quadratic form of the
q−p-dimensional vector of Brownian motion under the null and (1+1=S)−1=2C2 −1=2

H (�) under the alternative. The asymptotic distribution of the supremum, the average
and the exponential mappings is obtained by the continuous mapping theorem (Pollard,
1984).
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